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Abstract 

We introduce moduli spaces of abelian varieties which are arithmetic mod- 
els of Shimura varieties attached to unitary groups of signature (n — 1, 1). 
We define arithmetic cycles on these models and study their intersection 
behaviour. In particular, in the non-degenerate case, we prove a relation 
between their intersection numbers and Fourier coefficients of the derivative 
at s = of a certain incoherent Eisenstein series for the group U(n, n). This 
is done by relating the arithmetic cycles to their formal counterpart from 
Part I via non-archimedean uniformization, and by relating the Fourier coef- 
ficients to the derivatives of representation densities of hermitian forms. The 
result then follows from the main theorem of [H] and a counting argument. 

1. Introduction 

This paper is the global counterpart to [35] . Our purpose here is to 

• introduce moduli spaces of abelian varieties which are arithmetic models 
of Shimura varieties attached to unitary groups of signature (n — 1, 1), 

• define arithmetic cycles on these models and 

• study the intersection pattern of these arithmetic cycles, and in particu- 
lar prove in the non- degenerate case the relation between their arithmetic 
intersection numbers and Fourier coefficients of the derivative at s = of 
a certain incoherent Eisenstein series E{z, s, $) for the group U(n, n) that 
was predicted in §16 of [39]. 

We now describe our results in more detail. Let k be an imaginary quadratic 
field, with ring of integers Ok. Let n be a positive integer and let r with < 
r < n. We then consider the moduli space 7W(n — r, r) over SpecOfc which 
parametrizes principally polarized abelian varieties (^4, A) of dimension n 
with an action l : Ok — > End(^) of Ok- We require that the Rosati involution 
corresponding to A induces the non-trivial automorphism of Ok and that 
the representation of Ok on the Lie algebra of A is equivalent to the sum of 
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n — r copies of the natural representation and of r copies of the conjugate 
representation. Hence, for n = 1 and r = we obtain the usual moduli space 
Aio of elliptic curves with complex multiplication by Ok (these moduli spaces 
are Deligne-Mumford stacks and not schemes, but we will neglect this fact 
in the introduction). 

The special cycles of interest to us are defined as follows. To a pair {A, i, A), 
resp. {E, lq, Aq) of objects of — r, r) resp. A^o over a common connected 
base S, we associate the free Ofc-module }iomoj^{E, A) with the positive 
definite Ofc-valued hermitian form given by 

h'{x, y) = Aq ^ o o A o X G Endoj^{E) = Ok ■ 

For m > 0, let T G Hermm(Ofc)>o be a positive semi-definite hermit- 
ian matrix of size m. The special cycle 2(T) is the moduli space over 
M.{n — r,r) x which parametrizes m-tuples of homomorphism x = 
[xi, . . . ,Xm] G Homo^(^, -E)™ such that h'{x,x) = {h{xi,Xj)) = T. We 
refer to T as the fundamental matrix of the collection x. After extending 
scalars from Ofc to C, these cycles coincide with the cycles studied in |421l44j. 

These cycles are most interesting in the case when r = 1. In this case, 
when m = 1 and T = t £ Z>0) they are divisors, which for n = 2 are 
essentially identical with the cycles considered by Gross and Zagier |24j . 
For m > 1 and T G Hermm(Ofc)>o, the cycle 2{T) has codimension m in 
the generic fiber ofA^(n — 1,1) x Mq, which has dimension n — 1, but 
may have lower codimension in A^(n — 1, 1) x Aio, which has dimension n. 
We call T G Hermm(Ofc)>o non- degenerate if 2{T) has codimension m in 
M{n — 1, 1) X Mq. We are led to study the following intersection problem. 

Let n = Yli=i let Tj G Hermmi(Ofc)- The intersection (fiber product) 

of the cycles Z[Ti) decomposes according to the fundamental matrices into 
the disjoint sum, comp. ^39j, 

Z{Ti) X ■ ■ ■ X Z{Tr) = W Z{T) , 

TeHerm„(Ofc) 

where the fiber product is taken over A^(n — 1, 1) x A^o- Here the matrices T 
have diagonal blocks Ti, . . . ,Tr. The most tractable part of this intersection 
are the summands corresponding to nonsingular matrices T G Herm„(Ofc). 
In this case it is easy to see that the support of Z{T) is concentrated 
in finitely many fibers in positive characteristics. We define the contri- 
bution of such T to the arithmetic intersection number of non- degenerate 
Z{Ti),...,Z{Tr) as 

(Z(Ti), . . . , Z{Tr))T = J2 x{Z{T)p, Oz(T,) Oz(Tr)) ■ logp . 
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Here the derived tensor product appears because the cycles Z{Ti), . . . , ZiT^) 
do not in general intersect properly, not even along the part Z{T) corre- 
sponding to a non-singular fundamental matrix T. Our main result con- 
cerns the case when T itself is non- degenerate, i.e. when Z{T) is a finite 
set of points. In this case, all diagonal blocks occurring in T are automati- 
cally non-degenerate. To formulate our main result we must introduce the 
incoherent Eisenstein series. 

These series are the analogues for U(n, n) of the incoherent Eisenstein series 
for Sp(2n) defined and discussed in detail in [39]. To introduce them, we fix 
a character t/ of fc^ / whose restriction to is the quadratic character 
associated to k. (Such a choice determines splittings of metaplectic covers 
of unitary groups and hence allows us to work on the linear groups.) If V 
is a hermitian space over k of dimension n and <p = G S'(y(A)") is 

a factorizable Schwartz function on y(A)", with a suitable Xoo-hniteness 
condition on (/Jqoj there is a corresponding standard section = = 
®v^^Pv{^) of the global degenerate principal series representation I{s,r]) of 
U(n,n), induced from the character r/(det) | det |* of the maximal parabolic 
with Levi factor GL(n)/fc (Siegel parabolic). This section is coherent in the 
sense that it arises from the global hermitian space V. More precisely, at s = 
and for a finite place v non-split in k, the local degenerate principal series 
lv{0, r]v) is the direct sum of two irreducible representations Rn{U^) for local 
hermitian spaces Uf- of dimension n over fc^,, where x^(det(?7^)) = ±1, [5l| . 
The space 

Rn{Ut) is the image of the local Schwartz space S{{U^)"') under 
the Rallis coinvariant map. At a split finite place, the local degenerate 
principal series ly{0,r]y) is irreducible. At the archimedean place, 

/oo(0, r/oo) = ©0<r<n^n("- " r, r), 

where Rn{n — r,r) is the image of the Schwartz space of a hermitian space 
of signature (n — r, r), [53j . For a global hermitian space V the image RniV) 
of S{V{A)'^) in the global degenerate principal series 1(0, r]) under the map 
ip *^(p(0) is the irreducible representation 

RniV) = ^MV^). 

This representation is then realized as an automorphic representation of 
U(n, n) by taking the value at s = of the Siegel-Eisenstein series E{h, s, $^) 
formed from a coherent section ^^(s). This is a special case of the regular- 
ized Siegel- Weil formula, proved in the case of unitary groups by Ichino [32] , 
|33) . There is a second type of irreducible constituent of l{0,r]) - note that 
this representation is unitarizable and hence completely reducible. These 
have the form 



Rn{C) — ®vRn{Cv)i 
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where {C^j^, is a collection of local hermitian spaces of dimension n such 
that Cy = Vy for almost all v, and 

nX.(det(C,)) = -l. 

These constituents of /(O, ry) and the associated Siegel-Eisenstein series are 
incoherent in the sense that they do not arise from a global hermitian space. 
For any standard section $(s) with $(0) G Rn{C), one has E{h,0,^) = 0, 
and the kernel of the Eisenstein map -E'(O) from /(O, rj) to the space of 
automorphic forms on U(n,n) is precisely the direct sum of the i?„(C)'s as 
C runs over the incoherent collections. 

The incoherent Eisenstein series of interest to us are obtained by fixing 
a global hermitian space V of signature (n — 1,1) for which there exists 
a self-dual Ofc-lattice L. Such a space will be called a relevant hermitian 
space; the set Tl(n-i,i){^) of isomorphism classes of such spaces is finite. Let 
(ff G S{V{Af)^) be the characteristic function of (L '^)^, and let (p'^ 
be the Gaussian in S{{V^)'^), where has signature (n, 0). The resulting 
standard global section 

is incoherent and the corresponding Siegel-Eisenstein series E{h, s, L) de- 
pends only on the genus of L, i.e., the orbit of L under the action of GY (Af), 
where GY = U{V) is the isometry group of V. There are either one or two 
genera of self-dual lattices in V; we denote by E{h, s, V) the sum of the 
E{h, s, L) as L runs over representatives for the genera. Finally, we let 

(1.1) E{h,s)= Yl E{h,s,V) 

be the sum over the isomorphism classes of relevant hermitian spaces. Our 
main result expresses some of the non-singular Fourier coefficients E!p{h,0) 
of the derivative E'{h, 0) at s = in terms of arithmetic intersection numbers 
of special cycles. For this, it is more convenient to pass to the corresponding 
classical Eisenstein series E{z,s), as in (|9.ip . where z £ Dn, the hermitian 
symmetric space for U(n,n). This Eisenstein series has the form, [10], [72j . 
[59], 

E{z,s) = detv{z)i ^ det{cz + dy\det{cz + d)\~^^f{j,s), 
76roo\r 

where the series is convergent for Re(s) > re. Here F = [/(re, re) n GL2n(Ofc)> 
Foo is the subgroup for which lower left re x re block is zero. The meromorphic 
analytic continuation and holomorphy on the line Re(s) = follow from 
Langlands' general results. By the incoherence condition, E{z, 0) = 0, and. 
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as explained in section [9], the Fourier expansion of the central derivative has 
the form 

TeHerm„(Ofc)>o T 

other 

where = exp(27rztr(Tz)). In particular, the terms for positive definite T 
are holomorphic functions of z. 

Theorem 1.1. Let T £ Herm„(Ofc)>o be nonsingular with diagonal blocks 
Ti, . . . ,Tr. Let Diffo(T) be the set of primes p that are inert in k for which 
ordp(det(r)) is odd. 

(i) If |Diffo(T)| > 2, then Z{T) = and E'j.{z, 0) = 0. 

(ii) /fDiffo(T) = {p} withp > 2, thenT is non- degenerate if and only if it is 
GLn{Ok,p)- equivalent to diag{ln-2,p"' ,P^) for some < a < b with a + b odd. 
In this case Z[T) has support in the supersingular locus in characteristic p 
and 

{Z{Ti), Z{Tr))T = length(^(r)) • logp . 
Furthermore, in this case 

E't{z, 0) = E'^iz, 0, V) = Ci- {Z{n), Z{Tr))T ■ • 

for an explicit constant Ci, independent ofT, where V € 7^(n-i,i)(fe) the 
unique relevant hermitian space which differs from Vr only at oo and p. 
Here Vr denotes the space fc" with hermitian form defined by T. 

The strategy of the proof of this theorem is similar to that of the proof of the 
analogous theorem for Shimura curves [2Qj- We first prove that for nonsin- 
gular T £ Herm„(Ofc)>o the cycle Z{T) is either empty or concentrated in 
the supersingular locus in finitely many characteristics p, where p is not split 
in k, and in fact concentrated in characteristic p, if Diffo(T) = {p}. Then 
we use the theory of non-archimedean uniformization of ^67j, to reduce the 
calculation of the length of Z{T) to a combination of a local calculation 
on a formal moduli space of p-divisible groups and a point count. The first 
problem was solved in our previous paper [l8] . The second problem is solved 
here in section [T2j It then remains to calculate the Fourier coefficient corre- 
sponding to T of the derivative of the incoherent Eisenstein series. For this 
we use the Siegel-Weil formula established by Ichino [32], [S3], in this case. 
We must ultimately calculate some representation densities for hermitian 
forms, which is in general a very difficult task, even though a general for- 
mula due to Hironaka [27], [28], exists. Fortunately in the non-degenerate 
case, these calculations are manageable and a direct comparison gives the 
formula in our main theorem. 
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We now put our main result in perspective and indicate possible directions 
of further research. Of course, the model for the results above and in fact the 
origin of the whole program lies in the theory of special cycles on Shimura 
varieties attached to orthogonal groups of signature (n— 1, 2), and considered 
for low values of n in our papers [39], [l5], [17], [l9]. However, as explained in 
the introduction of [l8], there are serious problems with the construction of 
arithmetic models of these Shimura varieties as soon as n > 6. By contrast, 
in the case considered here, which is related to Shimura varieties attached 
to unitary groups of signature (n — 1,1), manageable arithmetic models 
exist and can be studied for arbitrary n. In fact, we define such models for 
unitary groups of arbitrary signature (n — r,r) - but with no level structure. 
In the case of deeper level structure such arithmetic models can surely also 
be defined, although results on arithmetic intersection numbers of special 
cycles will then be harder to come by. 

In the case of signature (n — 1, 1), the most promising next steps to be taken 
seem to be the following: 

• Let T G Herm„(Ofc)>o with diagonal blocks Ti, . . . , T^, which are assumed 
to be non-degenerate. Assuming Diffo(r) = {p} withp > 2 inert in fc, prove 
that {Z{Ti), . . . , Z{Tr))T is given by the same formula as in the Main The- 
orem above. To prove this in general, one will have to deal with degenerate 
intersections, which most probably also requires a better knowledge of the 
structure of the special cycles outside the supersingular locus. 

• Investigate in detail the reduction modulo a ramified prime p of the mod- 
uli space 7W(n — 1, 1) and its supersingular locus and use this to establish 
results on the arithmetic intersection numbers {Z(Ti), . . . ,Z{Tr))T in the 
case when T G Herm„(Ofc)>o has Diffo(T) = 0. 

• One can define variants of our arithmetic models which involve some 
parahoric level structure. It should be possible to exploit our considerable 
knowledge on such models obtained in recent years, ^60j, ^61j) i62j, [63j, to 
investigate special cycles in this context. 

The situation becomes more speculative when T G Herm„(Ofc) is singular. 
In this case one would like to equip the special cycles with appropriate Green 
forms and define classes in certain arithmetic Chow groups. Then various 
cup products of these arithmetic cycles should be related to various special 
values of derivatives of Eisenstein series on unitary groups of type (n, n). 
Here the fact that the moduli space A4{n — 1, 1) is not proper will play a 
crucial role. The Eisenstein series we consider in this paper are conjecturally 
related to the cup product with values in CH (A^(n — 1,1)) - but the 
non-compactness of these moduli spaces prevents us from making this more 
precise. No doubt the extended versions of arithmetic Chow groups defined 
by Burgos, Kramer, Kiihn [T2| will have an impact on these questions. 
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One may also try to generalize our results in other directions. One may 
expect similar results when k is replaced by an arbitrary CM-field. Also, 
our main results in this paper concern special cycles which lie above 

M =7W(n- 1,1) X M{1,0) . 

However, we define M{n — r, r) for arbitrary r and one can similarly define 
more general cycles over more general products. It is a challenge then to 
determine arithmetic intersection numbers and to form a sensible generat- 
ing function using them, which can be compared with some automorphic 
counterpart. 

As should be clear from the above description, the investigation of special 
cycles on unitary Shimura varieties is largely uncharted territory. This also 
explains why we have made an effort to explain the relation to previous work; 
we explain in section [3] the precise relation to the cycles in [37 ^1421144] [KM- 
cycles), in section [T3] the relation to the cycles (Heegner points) considered 
by Gross and Zagier, and in section [15] how KM-cycles arise in the theory 
of occult period mappings. 

We now explain the lay-out of the paper. The paper has five parts. 
In Part I, we give the definition of the moduli stack M{n—r, r) and define the 
special cycles 2{T) on them. We also show how to uniformize the orbifold 
of complex points of these stacks in terms of the space of negative r-planes 
in C"', and make the connection between the moduli stacks Ai{n — r, r) and 
certain Shimura varieties associated to unitary groups. In particular, this 
allows us to describe the set of connected components of M{n — r, r)c, which 
is used later in the examples. 

In Part II, we describe the completion of A4(n — r, r) along the supersingular 
locus in the fiber of A^(n — r, r) at a prime p which is inert in k, in terms of 
the formal moduli space of p-divisible groups that was studied extensively 
in [79]. This p-adic uniformization is essentially just spelling out the general 
method of [67] in the special case at hand. We also exhibit an analogous 
p-adic uniformization of the completion of the special cycles along their su- 
persingular locus. 

Part III is devoted to the computation of the nonsingular Fourier coefficients 
of the central derivative of an incoherent Eisenstein series. First, we review 
the theory of theta integrals for unitary groups and the regularized Siegel- 
Weil formula, due in this case to Ichino [32], that relates these to special 
values of certain Eisenstein series for unitary groups. Then, in the incoher- 
ent case, the Tth Fourier coefficient of the central derivative for a positive 
definite T is expressed as a product of a representation number of T by 
a genus of definite lattices and a derivative of a local Whittaker function. 
The values and derivatives of such Whittaker functions are given in terms 
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of representation densities for hermitian forms and their derivatives. 
In Part IV we prove our main results, by determining explicitly the arith- 
metic intersection numbers in the non-degenerate case, and by comparing 
the result with the special values of the derivatives at of the relevant Eisen- 
stein series. 

Finally, Part V is devoted to examples and variants of our main result. In 
particular, we give a more detailed description of the case n = 2 and explain 
the precise relation of our special cycles for M.{1, 1) to those introduced by 
Gross and Zagier [2l]. We also give an exposition from our point of view 
of the occult period mappings discovered by Allcock, Carlson, Toledo and 
by Kondo. Here special cycles appear as boundary divisors of the images 
of these period mappings. We made an effort to make this last section 
independent of the main body of the paper, so that it can be read by a 
complex-algebraic geometer who is not interested in the arithmetic theory. 

We thank U. Terstiege for helpful discussions. Also, the contents of sec- 
tion [15] was the subject of very helpful discussions with B. van Geemen, D. 
Huybrechts, and E. Looijenga. This project was started at the Hirschberg 
conference in 1996 organized by J. Rohlfs and J. Schwermer. We also grate- 
fully acknowledge the hospitality of the Erwin-Schrodinger-Institut, where 
part of this work was done, and the support of the Hausdorff Center of 
Mathematics in Bonn. The first author's research was partially supported 
by an NSERC Discovery Grant. 

Notation and conventions 

We fix an imaginary quadratic field k = Q{^/A) with discriminant A, ring of 
integers Ok, and nontrivial Galois automorphism a i-^ a°", a G fc. As usual, 
we denote by hk the class number and by Wk = \0^ \ the number of units. 

For a hermitian space V, { , ) of dimension n over fc, let det(y) G Q^/A^(fc^) 
be the determinant of the matrix ((uj, vj)) where {vi} is a fc-basis for V. Note 
that we take ( , ) to be conjugate linear in the second argument. Define 
invariants sig(y) = (r, s), r + s = n, and mVp{V) = Xp(det(y)), where 
Xp(o) = {a,A)p. Here ( , )p is the quadratic Hilbert symbol for Qp. Note 
that mVoo{V) = (—1)^ and that invp(y) = 1 for all split primes p. For 
a fixed dimension n, the isometry class of the hermitian space Vp over kp 
(resp. Voo over C) is determined by invp(^) (resp. sig(yoo))- Moreover, 
the isometry class of V over k is determined by the collection of its local 
invariants (Hasse principle) and, for any collection of local hermitian spaces 
{Vp} satisfying the product formula 



(1.2) 



Y[ invp(yp) = 1, 

p<oo 
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there is a unique global hermitian space with the Vp^s as its local completions 
(Landherr's Theorem). 

For a hermitian space V over k, there is an associated alternating form 
defined hy {x,y) = tr((x, y)/\/A)- Note that, for a G fc, ( ax, y) = {x, a"y ) 
and that the hermitian form is given by 

(1.3) 2(x,y) = (\/Ax,?/) + (x,y)\/A. 

Conversely, if 1/ is a fc- vector space with a Q-bilinear alternating form ( , ) 
satisfying ( ax, y) = {x, a"y), then (jl.Sp defines a hermitian form on V . An 
Ofc-lattice in V is self-dual for ( , ) if and only if it is self-dual for ( , ). 
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Part I: The global moduli problem and special cycles 

2. The global moduli problem 

2.1. For an integer n > 1 and a decomposition n = (n — r) + r with 
< r < n, we define a groupoid 

Min-r, r)"^'™ = 7W(fc, n - r, r)^^*™ 

fibered over (Sch/SpecOfc) by associating to a locally noetherian Ofc-scheme 
S the groupoid of triples {A,i,X). Here A is an abelian scheme over 5, 
L : Ok Ends (A) is an action of Ok on A, and X : A ^ A^ is a principal 
polarization such that 

L{a)* = i(a'^) 

for the corresponding Rosati involution *. In addition, the following signa- 
ture condition is imposed: 

(2.1) char(r,i(a) I Lie^) = (r-a)'^-'^(r-a'^)^ a E Ofc. 

Here the left side is the characteristic polynomial in ©^[T] of the O^-module 
endomorphism of Lie^ induced by i(a) and the right side is the image of a 
polynomial in Ofc[T] under the natural homomorphism Ofc[T] Os[T]. In 
particular, A is of relative dimension n over S. 

A morphism in 7W(n — r, r)^^"^(S) from {A, i, A) to {A', l', A') is an Ofc-linear 
isomorphism ip : A ^ A' such that 'p*{\') = A. 

Proposition 2.1. ^A{n—r,r)^^"^ is a Deligne-Mumford stack overSpecOk- 
Furthermore, Ai{n — r,r)'^^"^ XspecO^ Spec Ofc[A~"'^] is smooth of relative 
dimension {n — r)r over SpecOfc[A^-'^]. 

Proof. The representability by a DM-stack follows from the representabil- 
ity by a DM-stack of the stack of principally polarized abelian varieties 
and the relative representability of the forgetful map which forgets the Ok- 
action. This relative representability follows from the theory of Hilbert 
schemes. The smoothness assertion is checked by the infinitesimal criterion 
for smoothness and Grothendieck- Messing theory [67], |60j . □ 

Remark 2.2. A moduli problem of this sort over SpecOfc[A^^] was consid- 
ered by Larsen, [52], who also defined a smooth compactification in the case 
of signature (2, 1). 

Example 2.3. Let n = l,r = 0. Then M.{\,QY^"'^ parametrizes triples 
{E^lq^Xq) where {E,i) is an elliptic curve with complex multiplication by 
Ok such that the action of Ok on Lie-E is the natural one. In this case, 
the polarization Aq is uniquely determined. The coarse moduli space of 
A4(l,0)"^'™ is Spec Oh where H is the Hilbert class field of fc. Note that 
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Endo^iE/S,Lo) = Ok for any {E,lo,Xo) G 0)'^^'™(5). This example is 

discussed in 09]. We will abbreviate 7W(1,0)°'''™ to A^o- 
We note that there is a natural isomorphism between the moduli stacks 
A4{n—r, r)"*^'™ and A^(r, 7^_7-)naive associates to {A, t, A) its conjugate 

{A,t,X), where the Ofc-action on A has been changed to its conjugate, i.e., 
i{a) = iia"). 

Remark 2.4. As was first pointed out by Pappas, ^60j, M{n — -r, r)"^'™ 
is not flat over SpecOfc for n > 3. Pappas defines a closed substack of 
A4{n — r,r)^^"'^ by imposing an additional condition as in the following 
definition. 

Definition 2.5. Let M{n — r, r) be the closed substack of — r, r)"*^'™ 
consisting of those triples {A, l, A) for which the action of Ok on Lie A satisfies 
the wedge condition: 

(2.2) A"-^+^ (i(a) - a) = 0, A'^+\t(a) - a'^) = 0. 

For n <2, this condition follows from the signature condition. Furthermore, 
over SpecOfc[A^^], 

(2.3) M{n - r,r)[A-^] = M{n - r, r)'''''™ [A"^] . 

Theorem 2.6. (Pappas) Let r = 1, and assume 2 | A. Then the stack 
7W (n — 1, 1) is flat over Spec O^. 

Proof. This is |60], Theorem 4.5, a). □ 

Finally, the following stack will play a fundamental role, so that we introduce 
a symbol for it. 

Notation 2.7. For a given fixed collection fc, n,r, we let 

M = M{n - r,r) xspecOfc-A^o 
be the base change of A4(fc; n — r, r) to Mq. 

2.2. For a pair (£", to,Ao) G Mo{S) and {A,l,X) € M{n-r,r){S), i.e., for 
an element of M.{S), consider the free Ofc- module of finite rank 

V'{A,E) = Romo^{E,A). 

On this Ofc-module there is a Ofc-valued hermitian form given by 

(2.4) h'{x, y) = 1 (A^i o y V o A o x) e Ofc. 
where : E"^ A"^ denotes the dual homomorphism. 

Lemma 2.8. The hermitian form h' on V'{A,E) is positive-definite. 
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Proof. Consider the endomorphism a G End(£^ x A) given by 



a 



Aq^x^A 





The adjoint a* with respect to the polarization (Aq, A) of x ^ is a* = a. 
Hence 

aa* = diag(Ao ^a;^A.T,a;Ao ^x^A) G End(£;) x End(A). 
The positivity of the Rosati involution implies that the first entry of this 
diagonal matrix is positive, as had to be shown. □ 

Definition 2.9. Let T G }leTm.m{Ok) be an m x m hermitian matrix, m > 
1, with coefficients in Ofc. The special cycle Z{T) attached to T is the 
stack of collections i, A, tQj Aq; x) where (A, i, A) G M.{n — r,r){S), 
{E,Lo,Xo) G Mo(S), and x = [xi, . . . ,Xm] G }iomoj^{E, A)"^ is an m-tuple 
of homomorphisms such that 

(2.5) h'{x,x) = ih'{xi,Xj)) = T. 

Proposition 2.10. Z(T) is representable by a DM-stack. The natural mor- 
phism Z{T) M. is finite and unramified. 

Proof. Given an 5-valued point {A, l, A, E, io, Aq) of M, the functor 
nom njE, A) on (Sch/5) defined by 

T ^Uomo^{ExsT,AxsT) 

is representable by a scheme which is unramified over S (by rigidity) and sat- 
isfies the valuative criterion for properness (by the Neron property of abelian 
schemes). The finiteness now follows, since, by the positive definiteness of 
h', the set 

{ X G Homo^(-B, A)"" I /i'(x, x) = T } 
is finite. □ 

2.3. There is an obvious Tate module variant of the hermitian space V'{A, E). 
Let F be an algebraically closed field of characteristic p and let 

(Ai,A;£;,io,Ao) gM(F). 

Denoting by T^{A)^^ resp. TP{E)^ the rational Tate modules prime to p of 
A resp. E, let 

Vl.=BomT^^r{TPiEf,TPiAn 

with hermitian form 

h'{x,y) = Lq^{Xo^ oy^ o Aox) G fc(8) A^. 
Then the natural embedding V'(A,E) VL is isometric. On the other 
hand, the hermitian form h'{ , ) on VL is related to the Weil pairing as 
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follows. Wc fix an isomorphism A^(l) ~ Aj. Then the natural pairing ca 
takes values in 

eA : TP(A)° x T^iA^ f A^, 
and there is an hermitian form h = h\ on T'p{A)^ given by 
2 hx{x, y) = e^(fe, A(y)) + (5e^(x, A(y)), 

where 5 = a/A- 

The same construction can be made with E in place of A. The hermitian 
forms h\ and define a hermitian structure h{, ) on Homj^^^p {T''^ [E)^ ^T^ {A)^) , 
which is independent of the trivialization of Aj(l). Hence we may replace 
the base scheme Spec F by any connected scheme S. 

Lemma 2.11. The two hermitian forms h'{ , ) and h{ , ) on 

Hom^^.(r^(£;)0,rf(A)0) 

are identical. 

Proof. Wc choose an identification of TP{E)^ with fc® Ap i.e., a basis vector 
1 in TP{Ef. We calculate for x, y e Homfc^^F {TP{Ef, TP{Af) 

2hx{x{l),y{l))=eA{5x{l),\{y{l)))+5eA{x{l),\{y{m 
= eE((5,x^Ay(l)) + (5eE(l,x^Ay(l)) 

= 2/iAo(l,Ao'x^Ay(l)) 
= 2h'{x,y) hx,{l,l). 
This proves the claim. □ 

2.4. Wc define the set '7^(„-r,r)(^) of relevant hermitian spaces of dimen- 
sion n over k as the set of isomorphism classes of hermitian spaces V with 
sig(y) = {n — r, r) and which contain a self-dual Ofc-lattice. 

Lemma 2.12. (i) The cardinality of TZ(^n-r,r){^) is 

l'^(n-r,r)(^)l — 2 , 

where 6 is the number of primes that ramify in k, i.e., the number of distinct 
prime divisors of A. 

(a) The number of strict similarity classes of relevant hermitian spaces is 

\2^~^ if n is even, 
1 1 if n is odd. 

Here by a strict similarity we mean a similarity such that the scale factor is 
positive. 



\R,{n-r,r){^ I str .sim. I 
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Proof. By the Hasse principle, the isomorphism class of a hermitian space 
is determined by its localizations. The existence of a self-dual lattice is 
equivalent to the condition that the determinant det(y) lies in ZpiV(fcp) 
for all finite primes p. For split and ramified primes, this local condition is 
automatic, while, for inert primes it is equivalent to invp(y) = (det V, A)p = 
1. Since the signature is also fixed, the relevant spaces are determined by the 
collection of signs mVp(V) for p \ A, and any collection of signs is realized, 
subject to the condition that 

invoo(l^) = Jjinvp(y). 

p|A 

Here note that invoo(l^) = (—1)^- This proves (i). 

To prove (ii), note that the determinants of similar spaces differ by the nth 
power of the scale factor. Thus, for n even, two hermitian space are similar 
if and only if they are isomorphic, while, for n odd, two relevant hermitian 
spaces are locally similar by a unit at each ramified prime and hence are 
globally similar, by the Hasse principle for similitudes. □ 

Proposition 2.13. (i) There is a natural disjoint decomposition of algebraic 
stacks 

M.{n — r,r)= M.{n — r,r)^. 

yG7^(„_r,r) (fc)/str.sim. 

(a) There is a natural disjoint decomposition of algebraic stacks 
M = M{n-r,r) XspecOk-Mo= II 

For n even, this decomposition is obtained by base change from that in (i). 

Remark 2.14. Of course, for n odd, part (i) is trivial, since there is only one 
strict similarity class of relevant F's. 

Proof. Let {A,i,X) in M.{n — r,r){S) for a connected base S. Let s : 
SpecF — > 5 be a geometric point of S. First suppose that F has char- 
acteristic zero, and choose an isomorphism Z(l) — > Z over F. We obtain 
from the pull-back ^ = ^(s) to F of (A, l, A) the rational Tate module T(A)^ 
with its Riemann form ( , )x associated to the polarization A. This satisfies 
{ax,y)x = {x,a'^y)\ and hence determines a hermitian form ( , )a by p.3|) . 
Hence we obtain a hermitian space V over fc <8)q A f with a self-dual lattice 
given by the Tate module of {A, l, A). We claim that there is a unique ele- 
ment V{£,) in 'R-(^n-r,r)i^) which after tensoring with Af gives the hermitian 
space V. The uniqueness is clear by the Hasse principle and the product 
formula. For the existence, note that the point ^ arises, via base change, 
from a point ^ A4(n — r, r)(Fo) for a subfield Fq G F which is finitely 
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generated over the prime field and hence has a complex embedding. If F 
has a complex embedding F ^ C, let V{^) = Hi{Ac,Q) be the rational 
homology of the corresponding complex abelian variety, which, by the same 
argument as above, is a hermitian vector space over k. By the signature 
condition, the space V(^) has signature (n — r, r), and by the compatibil- 
ity between singular homology and Tate module, V{() (g) A/ = V. Thus 

V{Oen^n-r,r)ik). 

Next, suppose that F has characteristic p > 0, and choose an isomor- 
phism Z^'(l) TIP over F . We obtain a hermitian space over fc(8>Q 
with a self-dual lattice. There exists a unique hermitian space y(^) with 
V{Cl ® A^ ~ V^' and with sig(y(0) = (n - r,r). We claim that G 
^(n-r,r)(^)- If V is ramified or split in fc, the space T^(Op always has a 
self-dual Ofc ® Zp-lattice, so that y(^) G ^.^(fc). If p is inert in fc, we 

use the fact that A4(n — r, r) is smooth at p. Hence there exists a point 
I = (i, i, A) G M.{n - r, r){W{F)) lifting ^, where is the ring of Witt 

vectors. Then 

TP{Af = TP{Af = V{i) ®Q A^, 

as hermitian spaces over fc(8)Q A^. Also, by the previous argument, V{$,) 
has signature (n — r, r), so that V{^) and F(^) are locally isomorphic at 
all places other than p. Hence V{^)p ~ V{^)p as well and this space has a 
self-dual Zp (g) Ofc-lattice. Again, we conclude that F(^) G TZ(^^_r^j.^{k). 

The space y(^) attached above to (A, l, A) depends on the choice of the 
geometric point s of S, on the complex embedding, and on the trivialization 
of the group of roots of unity. A change in these choices changes the space 
V{^) within a strict similarity class, as we check below. However, if {A, t, A) 
and (E, lq, Aq) are points of Ai{n — r, r) and Mq over S, then attaching as 
above the hermitian spaces V{^) to {A,i,X) and ^(^^0) to (E, lq, Xq), the 
hermitian space V = Homfc(y(^o)) ^(0) ^ ^(n-r,r)(^) is independent of all 
choices. Indeed, if the trivialization ZP(1) ~ Z^ of the prime-to-p roots of 
unity is changed by a scalar c G (Z^) ^ , then F(^) (g) A^ and F(^o) <^ -^^ are 
both scaled by the same scalar c, hence y (g) A^ = Homfc(y(^o)) ^iO) ^ 
is unchanged. Since the archimcdcan localization of V is determined by the 
signature condition, the product formula and the Hasse principle imply that 
V is unchanged in its isometry class. Similarly, if two geometric points s 
and s' have the same image in S, then V{^) (g A^ and V{^') (g A^ are scales 

of one another by the scalar c G (Z^) ^ which compares the corresponding 
trivializations of the prime-to-p roots of unity; the same applies to ^(^0)®-^/ 
and F(e^,)®A^, hence Homfc(F(eo), 1^(0) ® ~ ilomkiV{Q,ViC))^^^f, 
and we conclude as before by the product formula and the Hasse principle. 
The same argument takes care of the change of the complex embedding. 
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The independence of the image point in S of the chosen geometric point is 
proved by using the speciahzation homomorphism from a generic geometric 
point. 

This defines the claimed disjoint decomposition in (ii), and also proves (i). 

□ 

Over Spec Ofc[^] , a slight refinement of the decomposition of Proposition l2.13l 
will be useful. For a relevant hermitian space V, let GY = U(y) be the 
isometry group. Then Gj^(Aj) acts on the set of self dual lattices in V by 
g : L 1-^ V n {g{L Z)). The orbit of a lattice L is the G]^-genus of L; we 
denote it by [[L]]. The following result, due to Jacobowitz [3l], sections 9 
and 10, describes the orbits. 

Proposition 2.15. ([34J) Suppose that Vp is a non- degenerate hermitian 
space of dimension n over kp/Qp and that Vp contains a self-dual lattice. 
Then the unitary group U(V^) acts transitively on the set of self-dual lattices 
in Vp except in the following cases: 

(a) p = 2, fc/Qp is ramified, n = diml^ is even and Vp is a split space. 

(b) p = 2, k = Qp(\/A) where ord2(A) = 3, n = diml/^ is even and Vp is 
the sum of a 2- dimensional anisotropic space and a split space of dimension 
n-2. 

Then there are two \]{Vp)-orhits of self- dual lattices in Vp. 

Remark 2.16. (i) Explicit representatives for the two orbits can be given as 
follows. Let -ff(O) be the hyperbolic plane, i.e., 2-dimensional space with 
Ofc,p-basis e, / and (e,/) = 1, (e,e) = (/, /) = 0. Note that the Zp-ideal 
generated by the set of values {x.,x), x S -ff(O) is then tr(Ofc^p) = 2Z2. Let 
dimVp = n = 2k. In case (a), the orbit representatives are H{0)^ and 
diag(l, —1) © H{0)^~^. In case (b), take k G Z2 such that k is not a norm 
from kp. There is then a unit A G with A^(A) — k € 4Z2. This element 
is unique modulo 20k,2- Write A = 4d with d G 2Z2. Then the Ofc^2-lattice 
D(0) of rank 2 with hermitian form defined by 

is unimodular, anisotropic, and has G 2Z2 for all x G ^(0). The orbit 

representatives in case (b) are -D(O) © H{0)''~^ and diag(l, —k) © H{0)''~^. 

(ii) By analogy with the case of symmetric bilinear forms, [69], we will call a 
self-dual (unimodular) hermitian lattice type II if the values {x, x) for x £ L 
are all even and type I otherwise. 

(iii) By Proposition 10.4 of [33], for a quadratic extension E/F of local fields 
of characteristic zero and residue characteristic 2, the isometry class of a 
unimodular hermitian lattice L is determined by the rank, the determinant 
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det(L) E /N{E^) and the Oi?-ideal /x(L) generated by the values {x,x) 
for X £ L. This ideal has the form Vp with r > and contains the ideal 
tr(OE) 3 20ir. Thus, the number of isometry classes can grow with ordi?(2). 

Corollary 2.17. For a relevant hermitian space V inTZ(^n-r,r){^)! num- 
ber of GY -genera of self-dual lattices in V is 2 or 1 depending on whether 
or not one of the exceptional cases (a) and (h) occurs at the prime p = 2. 

The following fact will also useful. 
Lemma 2.18. Let 

G^'iAff = {gG G{Af) I ,^{g) G Z>< }. 

Then the orbit of a self-dual lattice under the action of G^ (Aj)^ is the same 
as the orbit under GY{Af). 

Proof. The only issue is to show that, in the case where there are two 
G]^(Q2)-orbits of self-dual lattices in V2, the action of G'^ {Q2)^ preserves 
these orbits. But if 5 G ^^(02)°, and L is a self-dual lattice in V2, then the 
ideals /i(-L) and ^J-^gL) in Z2 generated by the values (x, x) for x £ L (resp. 
gL) are the same. By Proposition 10.4 of [34], cf. Remark 12.161 L and gL 
are isometric. □ 

Definition 2.19. Let TZ(^n-r,r){1^)^ be the set of isomorphism classes of pairs 
yfl := {V,[[L]]) where!/ is a relevant hermitian space and [[L]] is a Gj^-genus 
of self-dual hermitian lattices in V. 

The Gj^-genus is determined by its type, as defined in (ii) of the preceding 
remark. Of course, if n is odd or if n is even and 2 is unramified in fc, 
all self-dual lattices are of type I and the natural map from 'R-(n-r,r){^)^ to 
Tl(n-r,r)i^) is & bijcction. 

We write 

M{n - r,r)[^] = M{n - r,r) X spec Spec Ok[^] 

and 

= M xspecOfc SpecOfc[^]. 

Proposition 2.20. (i) There is a natural disjoint decomposition of algebraic 
stacks 

M{n-r,r)[^]= ]J M{n-r,r)[^f\ 

Vtt G7?,(„_r,r) (fc)" /str.sim. 
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(ii) There is a natural disjoint decomposition of algebraic stacks 

For n even, this decomposition is obtained by base change from that in (i). 

Proof. Away from characteristic 2, the Tate module T2{A) is a unimodular 
Ofc,2-lattice where, as explained in the proof of Proposition 12. 13^ the her- 
mitian form is well defined up to scaling by an element of • The norm, 
Ijl{T2{A)), of this lattice is thus well defined and hence so is the type of the 
genus of self-dual lattices in V determined by T^{A). □ 

We will frequently abuse notation and write A^(n — r, r)^' and instead 
of M{n — r)[^]^'' and A^[^]^'' when working away from characteristic 2. 

2.5. We next obtain some information about the support of the cycle Z{T). 
Lemma 2.21. IfTG Hermm(Ofc)>o for m > n — r, then Z{T)q = 0. 

Proof. Obviously, it suffices to prove that Z{T){C) = 0, and this is part of 
Corollary ESI □ 

We now assume that the matrix T is nonsingular of rank n. In this case 
more can be said. 

Lemma 2.22. Let < r < n. Let T £ Herm„(Ofc)>o. Then supp(^(T)) is 
contained in the union over finitely many inert or ramified p of the super- 
singular locus of Mp. 

Proof. Since T is nonsingular, any point {A, l, A; E, lq, Aq; x) of Z{T) defines 
an Ofc-isogeny i?" A. Over C such an isogeny cannot exist since the 
representations of fc®C on (LieE')" and on Lie^ are non-isomorphic by the 
determinant condition. Hence Z{T) is concentrated in the fibers at p for 
finitely many p. Furthermore, if p is inert or ramified, then E is supersingular 
and hence so is A. 

It remains to exclude the case of split primes p. In this case, it can happen 
that an isogeny ip : E^ A does not induce an isomorphism on the Lie 
algebras. However, there is an a E GL„(Ofc) ^ Auto^(£'") such that 

(poa = (fi' o (Frob*^ , . . . , Frob*"), 

for suitable powers of the Frobenius endomorphism of E and with an isogeny 
ip' : E^ A, such that ip' induces an isomorphism on the Lie algebras. Then 
the previous argument yields a contradiction to the condition < r < n. □ 
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In the case of signature (n — 1, 1) one can go a bit further. 

Proposition 2.23. Let r = 1 and suppose that T G Herm„(Ofc)>o. Let Vr 
denote the positive- definite hermitian space Vr = with hermitian form 
given by T. Let Diffo(T) he the set of primes p that are inert in k for which 
ordp(det(T)) is odd. 

(i) Lf |Diffo(r)| > 1, then Z{T) is empty. 

(ii) IfDmoiT) = {p}, then 

supp(Z(T)) C M^'^^ 

where V £ T^(n-i,i){k) is the unique relevant hermitian space with inviiV) = 
invf (Vr) for all finite primes i ^ p. 

Here A4p'^^ denotes the supersingular locus in the fiber of at p. 
(Hi) /f Diffo(T) is empty, then, for each p \ A, there is a unique relevant 
hermitian space G ^(n-i,i)(^) for which mv£{V^P^) = inv£(VT') for all 
i^p. Then 

supp(^(r)) c 

Proof Let p £ Diffo(r), and let {A, l, X; E, lq, \o;x) e Z{T){¥p). Let V = 
V'{E,A). Then V' can be identified with Vr, and the natural map 

is an isomorphism. On the other hand, by Lemma [2.31 can be identified 

with }iomj^^p^p{TP{E)^ ,TP{A)^) and therefore admits a self-dual Z^f-lattice. 
Hence ord^(det(T)) is even for all inert i ^ p. This proves (i), and (ii) and 

(iii) follow from this and the previous lemma. □ 



3. UNIFORMIZATION of THE COMPLEX POINTS 



In this section, we fix an embedding r of fc into C and discuss the complex 
points of our moduli spaces M{n — r, r) and of the special cycles. 

3.1. Let V,{ , ) be a hermitian vector space over k of signature (n — r, r). 
Let G = = GU(y) be the similitude group of V , viewed as a reductive 
algebraic group over Q. Thus, for any Q-algebra R, 

G{R) = {g£ Endfc(y) ®q R\ gg* = v{g) G i?^ }, 

where * is the involution on End(y) determined by ( , ). Let Gi = \](y). 

We note that 

i/(G(R)) = < siS'^^*"'^^ ('''^)' 

I for signature (n — r, r), with r ^ n — r. 
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This fact distinguishes the case n — r ^ r from the case n — r = r. 

Let us first assume that r 7^ n — r. Let h : C ^ Endfc(y)(8'M be an M-algebra 
homomorphism such that 11(2;)* = h(z), and such that the form ( h(i)x, y) is 
symmetric and positive definite on I/i^qM. Note that h(z)h(z)* = u{h(z)) = 
so that h : ^ G(M). Let Jq be the complex structure on Vm = FiEiqIR 
given by multiplication by \/A'8'|A|~2. For a homomorphism h as above, let 
U be the subspace of Vk on which h(i) = — Jq. Then [/ is a complex r-plane 
in (Vm, Jq) on which the hermitian form ( , ) is negative definite, and every 
such r-plane arises in this way. Note that h(i) = Jq on the positive n — r- 
plane Thus, we can identify the space of homomorphisms h : S ^ 
with the space D = DiV) of negative r-planes in {V^,Jq). The subspace 
of Vc on which h(2:) acts by z is isomorphic, as a representation of fc, to 
{n — r) ■ T + r ■ f. . 

In the case of signature (r, r), the form (h(i)x,y) is only required to be 
symmetric and definite on V i^q M, and we define sgn(h) = ±1 so that 
sgn(h) (h(i)x,x) > 0. On the complex r-plane U in V{R) on which h(i) = 
— Jq, the hermitian form sgn(h) ( , ) is negative definite, and we may identify 
the space of homomorphisms h : S ^ (S'(M) with D = U , where D'' 
is the space of r-planes that are negative for e ( , ) . 

3.2. Next, we describe the complex points oi M.{n—r, r). Let vC(„_j,,,)(fc) be 
the set of isomorphism classes of self-dual hermitian Ofc-lattices of signature 
(n — r, r). There is a natural surjective map L 1-^ L Q from 
to lZ(^n-r,r){'^)- We fix representatives V for 'R-[n~T,r)0^ and a compatible 
set of representatives L for £(„_r,r)(^)- We will write D{L) = D(L0Q) for 
the corresponding space of negative r-planes. We also fix the trivialization 
Aj(l) Af given by the exponential map Z/nZ — ^ ;U„(C), a ^ e{a/n), 
for e{x) = exp(27rix). 

Suppose that {A, t, A) is an element of 7W(n— r, r)(C), and let H = Hi{A, Z). 
Then, via l, H is an Ofc-lattice of rank n with an alternating form ( , )\ 
determined by the polarization A. Since the adjoint with respect to ( , )a is 
given by i{a)* = i^[a"), there is a Ofc-valued hermitian form ( , ) = ( , )A,fc 
on H such that {x,y)\ = tr((x,y)/\/A), as in (|1.3p . Since the polarization 
A is principal, the Ofc-lattice H is self dual with respect to ( , )A.fc. By the 
signature condition and the canonical isomorphism = H (^j^M = Lie(A), 
the hermitian lattice H has signature (n — r, r). Choose an isomorphism 
j : H ^ L, where L is one of our fixed representatives. Via j the complex 
structure on corresponds to hz{i) for some z £ D{L). Now we eliminate 
the choice of j; since any two choices of j differ by an element of T^, the 
group of isometrics of L, we obtain the following result. 
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Proposition 3.1. There is an isomorphism of orhifolds 
M{n-r,r){C) ^ W[Tl\D{L)], 

L 

where L runs ouer j.)(fc). 

Consider the special case n = 1 and r = 0. A fractional ideal a defines a 
self-dual hermitian lattice Lo,a in the space Vo,a = ^ with hermitian form 
{x,y) = N{a)-^xy''. This gives an isomorphism 

(3.1) ^(fc) ^ £(i,o)(fc), [o] ^ [Lo,a], 

where C(fc) is the ideal class group of k and [Lo^a] denotes the isomorphism 
class of -Lo,a- Since Z)(Lo,a) consists of a single point and T^^^^ = O^, we 
obtain 

(3.2) Mo{C)^ n [0^\D{Lo,a)]^[0^\C{k)], 

Hec(fc) 

where acts trivially on D(Lo,a) and C{k). 

There is a slight variant of Proposition lS.li Consider the map C(^n-r,r)i^) — ^ 
'^(n-r,r)(^)'' given by L 1-^ (L (g)^ Q, [[L]]). By construction, the fiber in 
£-(^n-r,r){^) over {V, [[L]]) G T^{n-r,r)m^ is in bijection with 

Grm\Gr{Af)/KY, 

where KY is the stabilizer in Gj^(Aj) of a self-dual lattice in [[L]]. 

Corollary 3.2. There is an isomorphism of orhifolds 

M{n-r,r){C) ^ Y[[GY {Q)\{D{V) x GY {Af)/ )], 
ytt 

where V'^ runs over TZ(^n_r,r){^)^ ■ ^ 

When n is odd, we will usually drop the Jt here. On the other hand, when 
there are two G]^-genera, the group KY^ depends on V'^, not just on V. 

Remark 3.3. In the special case n = 1 and r = 0, the decomposition 

-Mo(C) ^ II [GY{q)\{D{Vo) X GY{Af)/KY')] 

Vo 

in Corollarv 13.21 corresponds to the decomposition of C{k) according to gen- 
era. More precisely, the isomorphism class of the hermitian space Vo,a = 
Lo^a 8 Q is determined by the values Xp(det Vo,a) = Xp(-^(fl)) = 
as p runs over the primes dividing A. But these are just the values of 
the genus characters = i^i'^)^ ^)p- Thus the fibers of the map 

C(fc) ~ £(1^0) (^) ~^ ^(1,0) are the genera, i.e., the cosets of the subgroup 
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C(fc)2. More explicitly, the inclusion of fci\fc^^./0^ into k''\kl_^/d^ = C{k) 
identifies 

with C(fc)2. 

Remark 3.4. For a relevant hermitian space V in 7^(„_j.,,)(fc), the set of 
complex points A4^(C) of the summand of M, in the sense of the 
decomposition in Proposition 12.13] corresponds to the subset of the product 
M.{n — r,r){C) X M.o{C) indexed by pairs {V^ Vo) for which Homfc(Vb, V) ~ 
V. 

3.3. Next we consider the complex points of the special cycles. Suppose 
that {A, i, A, E, lq, Aq; x) is a point of Z{T){C), and let H = Hi{A(C),Z,) and 
Ho = Hi{E{C),Ij). There are isomorphisms j : H — > L and jo : Ho — > Lq, 
for relevant hermitian lattices L and Lq in our fixed sets of representatives, 
and we obtain data z £ D{L) and, setting L := Kouio^iLo, L), 

x = joxoj-i e L™. 

Here we slightly abuse notation and write x for the collection of homomor- 
phisms from Ho to H induced by x. Note that the lattice L has a hermitian 
form h coming from the hermitian forms h\ and on H and Ho aris- 
ing from the polarizations, as above. The pair (z, x) satisfies the following 
incidence relations 

(1) /i(i,x) = r. 

(2) z £ D{L)ji, where, for x = [xi , . . . , Xm] , 

D{L)i = {z£ D{L) I z _L Xi{Lo) for all i }. 

Note that condition (2) corresponds to the fact that the fc-linear maps xi : 
Ho,R = Lie E — > H^ = Lie A are holomorphic. 

Let 

InCoo(T;L,Lo) C D{L) x L"" 

be the set of pairs satisfying conditions (1) and (2). The complex uniformiza- 
tion of the special cycles is now given by the following proposition. 

Proposition 3.5. Let T G Hermm(Ofc). Then there is an isomorphism of 
orbifolds 

Z{T){C)^ n II [{0^xTL)\lnc^{T;L,Lo)]. 

Here acts by scalar multiplication on the x-component of an element of 
InCoo(T;L,Lo). 
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This can be written more exphcitly. For a fractional ideal a and a lattice L 
in i2(„_^ ,.j(fc), let = o ®0}^ with hermitian form 

(3.3) = WI^- 
Then, is again a self-dual lattice, 

(3.4) La ~ HomOfc(i>o,a-i > ^) 
as hermitian lattices, and we have 

(3.5) ZiT){C)^ ]J U [(Ofc^xri)\ ]J D{L), 

[a]eC(fc) [L]e£(„_,,,) L xGL™ 

(x,x)a=T 

If X e (L (g) M)™ with /i(x,x) = r > 0, then m < n - r and -D(L)x has 
codimension mr in D{L). 

Corollary 3.6. For T G Hermm(Ofc)>0; ^^^^^ m < n — r , the cycle Z{T){C) 
has codimension mr. If m > n — r, then Z{T)(C) is empty. 

Remark 3.7. The cycles occurring here are essentially those studied in the 
joint work of the first author with John Millson. More precisely, let pr : 
D{L) Tl\D{L) be the projection. Then the cycles 

Z{T;La,rL)= H MD{LU) 

(x,x)„=T 
mod 

of codimension mr in Tl\D{L) are those introduced in [42j . |43j . [44j . and, 
in the case of signature (2, 1), in [37] . 

There is an alternative version, where, with the notation as above, we fix 
isomorphisms Jq : Hq — > V and jo,Q : Ho,Q — > ^Q. The lattice jqiH) 
determines a Gj^-genus [[L]] in V, i.e, an element in Tl(^n~r,r){^)^- The 
lattices jqiH) and jo,Q)(-ffo) correspond to cosets gKY^ in G}^(Aj) and (?o-f^i° 
in G]^°(Aj), respectively, and so, we obtain a collection 

{z,gKY\goKY°,i) € I)(F) x GY{Af)/KY' x G]:'«(A^)/i^|"o x F(Q)-, 
where 

V = Romk{Vo,V), x = joxoj-^ 
The data {z, gKY\ goK^'^ satisfies the following incidence relations. 

(0) i G (giL ® Z)g^^r, where L = Homo^(Lo, L). 

(1) (x,x) = r. 
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(2) z G L'(y)x, where 

= { z G D{V) I z ± Xi(yo) for all i }. 
For given relevant spaces V'^ G 7^(„_r,r)(fc)'' and Vq S 7^(i^o)(^)) l^t 

Incoo(T;y«,yo) C Diy) x GnA/)/Kr x G''^\k^) j K^^' x F(Qr, 
be the subset of collections satisfying conditions (0), (1) and (2). 

Proposition 3.8. Let T G Hernia (Ofc). Then there is an isomorphism of 
orbi folds 

Z{T){C)^ II II [(Gr(Q)xGl'°(Q))\Incoo(T;yfl,yo)]. 

□ 

4. Relation to Shimura varieties 

In this section, we discuss the relation between our moduli space A^(n — r, r) 
and Shimura varieties for unitary similitude groups. When n > 1, we assume 
that r(n — r) > 0, and we fix an embedding r of fc into C. 

4.1. We fix a hermitian vector space V over fc of signature (n — r, r) and 
write G = = GU(F). For an open compact subgroup K C G{Af), there 
is a Shimura variety Sh^ ovei0 fc with 

(4.1) Sh^(C) ^ G(Q)\(Z) X GiAf)/K) . 

Remark 4.1. We note that two hermitian spaces V,{ , ) and V' , ( , )' which 
are strictly similar, i.e., 1/ ~ with ( , )' = c ( , ) for c G Q^, define the 
same Shimura varieties. 

4.2. These Shimura varieties are related to the moduli stacks of an 'up- 
to-isogeny' moduli problem |15[ I36j . For a hermitian space V over fc with 
signature (n — r, r) and a compact open subgroup K in G^{Af), we define 
a groupoid Sh)^ fibered over the category of locally noetherian fc-schemes. 
For a locally noetherian fc-scheme S, the objects of Sh^(S) are collections 
{A, i, A, f]), where 

(1) A is an abelian scheme over S, up to isogeny, with an action of fc, 
L : fc^End°(A), 



In the case where n is even and r = n — r, the reflex field is Q, and we take ShX- to 
be the base change to fc of the usual canonical model. 
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(2) A is a principal polarizatioiil, 

(3) f/ is a K-level structure, i.e., a X-orbit of fc® Aj-linear isomorphisms 

V ■■ T{Af ^ V{Kf) 

such that the polarization form on T{A)^ and the symplectic form 
( , ) on y(Aj) coincide up to a scalar in . 

In addition, the action i is supposed to be compatible with the polarization, 
i.e., for a G fc, i{a)* = L(a'^), where * is the Rosati involution on End''(A) 
determined by A. Finally, the action of fc is supposed to satisfy the deter- 
minant condition of type {n — r,r) (Kottwitz condition): 

(4.2) det(T - L{a) \ Lie {A)) = (T - (/.(a))"-"(r - v?(a"))" G Os[T], 
where : fc — > Os is the structure homomorphism. 

The morphisms between two objects {A, l, A, ry) and {A' , l', A', fj') in Sh^(S') 
are given by fc-linear isogenics n : A ^ A' carrying fj to fj' and carrying A 
to a Q^- multiple of A'. All such morphisms are isomorphisms. 

Remark 4.2. Let us be more precise about (3). For this we recall the discus- 
sion on p. 390-91 of [36]. Suppose that {A,i,X) is an abelian scheme over a 
connected base S, up to isogeny, together with a polarization A and a com- 
patible fc-action. The rational Tate module of A is then a smooth Aj-sheaf 
on S. For a fixed geometric point s of S, the rational Tate module of A is 
determined by the rational Tate module Hi{As, Af) viewed as a tti{S,s)- 
module. The polarization induces an alternating form on Hi{Ag,Af) valued 
in A/(l) = Z(l) ®z Q, where 

(4.3) Z(l) = lim /i„(A:(s)), 

n 

for k{s) the residue field of s. If we fix an isomorphism 

(4.4) Z(l) ^ Z, 

we obtain an Aj-valued alternating form on Hi{As, Af) and a corresponding 
fc Aj-valued hermitian form, since the polarization is compatible with the 
fc-action. A change in the isomorphism (j4.4p results in a scaling of these 
forms by an element of Z^. A K -level structure is a iC-orbit f] in the set of 
fc Aj-linear isomorphisms 

r]:Hi{A„Af) ^V{Af) 



^ By this we mean that A is an isomorphism in the isogeny category, and that for some 
a £ Q^, aX is a polarization in the sense of Deligne, [15], p. 145. Specifically, for an abelian 
variety A up to isogeny over a field k, a polarization is an element of NS(A) (g)Q such that 
a positive multiple is defined by a projective embedding. Note that NS(^) (g) Q can be 
identified with the symmetric elements in Hom(j4, A^) (8) Q. This identification is being 
made here. 
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which preserve the hermitian forms up to a scalar in . Finally, the group 
7ri(£', s) acts on Hi{As,Af) by similitudes of the alternating form, and it is 
required that the orbit fj be fixed by this action. As a result, the notion of 
K-level structure is independent of the choice of the geometric point s and 
of the trivialization (j4.4p . 

A 'p-integral version' of the following proposition is proved in [36], and the 
proof transposes easily to the situation considered here, comp. also [15]. 

Proposition 4.3. Sh)^ is a smooth Deligne-Mumford stack over Spec k. 
For K sufficiently small, Sh)^ is a quasi-projective scheme over k, naturally 
isomorphic to the canonical model of the Shimura variety Sh]^. 
In particular, if K is sufficiently small, the set of C-points Sh^(C) o/ShJ^, 
via the fixed embedding t of k into C, is canonically identified with the double 
coset space Sh^(C) of When K is not sufficiently small, then ShJ^(C) 

is canonically identified with the space 

[G{q)\D{V)xG{Kf)/K] 

viewed as an orbifold. 

4.3. The relation between the Shimura variety Sh)^ and our moduli stack 
Ai{n — r, r) is now given by the following result. 

Proposition 4.4. Let G ^(n-r,r)(^)'* relevant hermitian space. 

Then there is an isomorphism of stacks over k, 

A^(n - r,r)^'' X Spec Ofc Spec fc ~Sh^j, 

where A4(n — r, r)^" is the component of A4{n — r,r) associated to the strict 
similarity class of in (i) of Proposition \2.2(A and K'^ is the stabilizer in 
{hf) of a self-dual lattice in the G\ -genus given by VK 

Remark 4.5. Note the stacks on both sides of this isomorphism depend only 
on the strict similitude class of V and recall that, when n is odd, there is 
only one such class. 

Proof. For a connected locally noetherian scheme S over fc, let = (A, A) 
be an object of Ai{n — r,r)^^ {S). We view A as an abelian scheme up to 
isogeny with polarization given by A and we extend t to an action of fc. 
In order to complete the definition of the corresponding object of ShJ^j(5), 
we need to define the level structure f/. Since ^ lies in M{n — r, r)^''(S'), 
and after choosing a trivialization ()4.4p of the roots of unity, we have an 
fc® Aj-linear similitude 

jA, : T{Af ^ y(A;), 
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unique up to an element of G (Aj)". The image jAf{T{A)) is a self-dual 
lattice in V in the genus [[L]] given by F", and so, adjusting by an element 
of G(A/)° if necessary, we can assume that jAf{T{A)) = L(8)Z. Let r] = Ja^; 
the ET^-orbit f/ of r/ is then uniquely determined, and the collection [A, l, A, fj) 
is an object in Sh^j(S'). 

Conversely, if an object {B, l, X,f]) of Sh]^D (S) is given, the Ok <8) Z-lattice 

{ri)-\L^Z)cT{Bf 

is independent of the choice of rj in the X^orbit. There is a unique abelian 
scheme A over S, equipped with a quasi-isogeny with B, such that 

T{A) = (r?)-i(L®Z). 

Moreover, there is a unique a G such that a\ is a principal polarization 
of A. To see this, note that, under rj, the Ofc Aj-valued hermitian forms 
on T(B) and ^(Aj) coincide up to a scalar in (Aj)^. Of course, this scalar 
is only well defined up to an element of Z^. In any case, by passing to 
aX, we can arrange it so that this scalar lies in Z^ and hence a A defines a 
principal polarization of A, since T{A) correponds to L (X" Z and hence is 
now self-dual. The given action of fc on i? defines an action of Ok on A, 
since T(A) is an Ofc-lattice. The Kottwitz condition on {B, i, A, f]) implies 
the signature condition on {A,l,X). Furthermore, by construction r(^)° is 
similar to V<SiAf, so that V{^) is strictly similar to V, again by the signature 
condition. Thus, we obtain a collection {A, l, aX) of M.{n — r, r)^\S). □ 



4.4. In this section, we review the action of the Galois group Gal(Q/fc) on 
the connected components of Sh)^ and of A^(n — r, r). Here we will work 
with the canonical model over the reflex field E, where E = Q, iir = n — r, 
and E = k otherwise. 

Let T be the torus over Q given by 

if n is even, 
m,k) if n is odd, 

where = ker(A^ : 'Resk/Q{Gm,k) Gm)- For a fixed hermitian space 
V of signature {n — r,r) with G = = G\J{V), we define a surjective 
homomorphism : G ^ T by 




(tS^ ' '^(f )) if " = is even. 



^ 



if n = 2A; + 1 is odd. 
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Note that, in the odd case N{v°{g)) = v{g). In particular, ker(z^°) = SU(y) 
in both cases. Then we have 

(4.5) 7ro(Sh^) ~ T(Q)\r(A)/z.°(i^oo ^ K) = Tm\T{Af)/u''{K), 

where r(Q)° = T(Q) n r(M)°r(A/) and K^o is the centrahzer of h in G(M). 
Note that v°{K^) = r(M)°, the identity component of r(M). 

Next, we recall the standard description of the action of the Galois group 
on this set, cf. [63], for example. For any h : S ^ ^(M), a simple calculation 
shows that 




given 

V k—r 



p{a) 



zz) if n = 2k is even, 

if n = 2fc + 1 is odd. 

Moreover, writing S = Sq Xq M where Sq = RE/Q{Grn,E), there is a homo- 
morphism of the form (cf. [03], l.c), 

P = Ne/q o ly" o fxf^ : Sq — >T, 

((i)'^ , aa) if n = 2k is even and r ^ n 
(1, a) if n = 2k is even and r = n — r, 

^(D^^'^'a if n = 2fc + 1 is odd. 

Finally, the action of a G Gal(Q/£^) on 7ro(Sh]^) is given, on the right side of 
(j4.5p . by multiplication by p{xo-), where G is an element whose image 
under the Artin reciprocity map is a \E''^. As in [63], we normalize this map 
so that a local uniformizer corresponds to the inverse of the Probenius. 

In passing, we record the following information about the components of our 
moduli spaces. 

Proposition 4.6. Assume that r{n — r) > 0, and let 

M{n - r,r)k = M{n - r,r) xspecOfc Spec fc. 

(i) Suppose that n is odd. Then, Ai{n — r,r)k is the disjoint union of hk 
geometrically irreducible components, and these components remain disjoint 
over SpecOfc[(2A)-i]. 

(a) Suppose that n is even. For G 7^(„„r_r)(fc)», let M{n - r,r)l^ be 
the open substack defined after base change to Spec fc by (i) of Proposi- 
tion \2.2d[ Then A4(n — r, r)^" is the disjoint union of 2^^^ hk geometri- 
cally irreducible components, except in the following case: ord2(A) = 2, 
L ®i Z2 — ff(0)"/^. In this case, the number of components is 2'^~^ h^, 
for fc / Q(V— 1) and 1 for fc = Again, these components remain 

disjoint over Spec Ofc[(2A)~^] . 



In [63], eq. (1.15), the exponent —1 in the first factor should be eliminated. 
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We omit the proof, and only give the following explanation. For = 
(y, [[L]]), let K = Kihe the stablizer of L in G^(A/). Then, to determine 
the number of components |'7ro(Sh^)|, we must determine the image u°{K) 
in T(Af). For n odd, we have v°{K) = . For n is even, and if we are not 
in the exceptional case, 

u^iK) = 6^ X Z^. 

In the exceptional case, 

u%K) = di* X 

where 
with 

01% = { a-a-' I a G O.^^ }. 
Note that pl : dl*\ = 2 and that -1 G O^*. Finally, for fc = Q(v/^), 



Part II: The supersingular locus 

5. UnIFORMIZATION OF THE SUPERSINGULAR LOCUS 

Let p be a prime inert in fc. In this section we review the p-adic uniformiza- 
tion of A^(n — r, r) along the supersingular locus of its reduction, following 
the procedure of Chapter 6 of [G^. 

Let F = Fp and let W = M^(F) with a fixed embedding r of fcp. 

As in [77J and we fix a supersingular p-divisible formal group X over F of 
dimension n and height 2n with an action l of Ofc satisfying the determinant 
condition of type (n — r, r) and a p-principal polarization Ax for which the 
Rosati involution * satisfies i{a)* = i{a^). The collection (X, /,, Ax) is unique 
up to isomorphism. 

Let J\f = M{n—r, r) be the functor on Nilp = Nilp^y whose value on G Nilp 
is the set of isomorphism classes of collections ^ = {X,i,Xx-, px) where X 
is a p-divisible group over S with an O^-action satisfying the determinant 
condition of type (n — r, r) and \x is a p-principal polarization compatible 
with the Ofc-action. Finally, 

px-X>iw^ — ^XxfS 

is an Ofc-equi variant quasi-isogeny of height such that o Ax o px is a Zp - 
multiple of Ax in IIomOj^(X, X"^) (gi Q. Here S = S W . An isomorphism 
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between two collections ^ = {X,i,\x-, Px) and ^' = {X' , l' , Xx' , px') is an 
Ofc-linear isomorphism a : X ^ X' , compatible with px and px' over S, 
such that a*{Xx') S Ax- 

In fact, for our global construction, it will be convenient to choose (X, l, Ax) 
as follows. We fix a base point ^° = {A°,l°,X°) of M{n - r, r)(F) in the 
supersingular locus, and let (X,t,Ax) = {X{A°), l", Xx(A'>)) be the corre- 
sponding p-divisible group with its additional structure. 

We also fix a trivialization of the prime-to-p roots of unity over F, 

(5.1) ZP(1) ~ ZP. 

Then the Weil pairing on TP{A°)^ takes values in Aj(l) ~ A^, and there is 
a unique relevant space V £ 7^(„_^ j,)(fc) such that TP{A°)^ is isometric to 
V^AFj. If p / 2, there is a unique = {V, [[L]]) £ Tl(n-r,r){T^f such that 
TP{A")^ is isometric to y (8)Aj, and the Tate module T2{A") determines the 
type of the genus [[L]] of self-dual lattices, cf. the proof of Proposition 12.201 

For the rest of this section, we will discuss only the case p ^ 2 and leave it 
to the reader to make the slight modifications needed in the p = 2 case. 

Remark 5.1. We can choose a base point ^° = {A°, i°, A°) giving rise to each 
in 7^(„_^^^)(fc)ti for which M{n - r,rf\¥) is non-empty. 

We fix a self-dual lattice L £ V in the given gY- genus and an isomorphism 

(5.2) 77° : TP{A°f ^ y(Ap 

such that (i) rj° is an isometry and (ii) r]°{TP{A")) = L(^%p. Let RP be the 
stabilizer of L in G(Ay), and note that RP is a subgroup of 

G{kPf = {g£G{KP)\v{g)£{ZPr ]■ 

We choose a lift X of X to 14/^ and let A° be the corresponding lift of A°. 
There is then an isomorphism 

(5.3) ^° : TP{A°f TP{A°f ^ ^(Ap. 

Using these objects, we can define a morphism of functors on Nilp^y 

(5.4) e:MxG{KPf — > M{n-r,r) 

as follows. For S G Nilp^y, let A°g = A° S. Note that, over the special 
fiber = S* x;^/ F, there is a canonical isomorphism 

A% Xw¥ = A° Xf5. 

Thus there is an Ofc-action 

4 = i° : Ofc — > End5(A° X S) = End(.4°), 
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and a polarization 

= X° X Is : A° X S — >A°'^x S. 

By 'rigidity', there are unique extensions of these to A^, i.e., there is an 
Ofc- action by quasi- isogenies, 

7| : Ofc ^ EndO (I^) = End\A°), 

and a (quasi-) polarization 

Finally, there is an isomorphism 

fi°s : TP{A°sf TP{A°f X y(Ap 

derived from (j5.3p . Note that (AgjVg, Xg) need not be an element of A^(n — 
r,r){S), since TT^ (resp. A^) is only a quasi-action (resp. quasi-polarization). 

Remark 5.2. The choice of trivialization (15. ip of the prime-to-p roots of 
unity over F made above gives a canonical choice of such a trivialization 
at all geometric points of any scheme S G Nilp^. The isomorphism ry^ is 
always an isometry for this choice. 

Note that the restriction to S of the p-divisible group of A^) is canon- 

ically identified with {Xg, i, X^^g). Also note that all of these constructions 
are functor ial in S. 

Proposition 5.3. For a given S G Nilpj^/, let {Ag,Vg,Xg,fig) be the collec- 
tion of objects just defined. 

For each object C = {X,i,Xx,px) in M{S) and coset gRP £ G{APf/KP, 
there is an object Q{(,,gKP) = {A,i,X) of Ai{n — r,r){S) and a Ok-linear 
quasi-isogeny (p : A ^ Ag uniquely characterized by the following proper- 
ties: 

(i) The polarization X agrees with 0^ o A^ o (j). 
(a) Let 

r^ = f,Oo^,: TP{Af V{AP). 
The map rj is a symplectic isomorphism, by Remark \5. 21 
Then 

r^{TP{A))=g.{L®%P). 

(Hi) Let be the p-divisible group of {A,i) with O^-action. Then 

there is an isomorphism 

i:{X{A),i) ^ 
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such that the quasi-isogeny (p induces px over S, i.e., the diagram 
{X{A),i)xw¥ ^ {X,l)xw¥ 

<l>*\ Ipx 

commutes. The maps Xx{A) ^'^^ agree up to a factor in . 

The construction of A, cf) is functorial in S in the obvious sense. 

Proof. A detailed proof can be found in [67], §6. The point is that we have 
the lattice 

(7?g)-i(gL®Zf) crP(I^)0, 

while Px determines a p-divisible group in the isogeny class of X{A°g), the 
p-divisible group of A°g. Together these two determine a unique abelian 
scheme A over S with a quasi-isogeny to A°g. The quasi-polarization and 
quasi-Ofc-action on A°g determine a principal polarization and Ofc-action on 
A, as required. □ 

Let /(Q) = /^(Q) be the group of quasi-isogenies in EndQ^(A°) that pre- 
serve the polarization \° . Note that /(Q) is the group of Q-points of an 
algebraic group defined over Q. Any 7 € /(Q) induces a quasi-isogeny ap(7) 
of height of the p-divisible group (X, t, Ax) of {A° , l, X°) and hence acts on 
M by sending ^ = {X,i,\x,px) to ap{-f)i = (X, i, Ax, ap(7) ° Px)- The 
element 7 also induces an automorphism 7* of T^^A")^ and hence defines 
an element 

aP(7) = 7?P'°o7,o(r?f'")-iGG(Ap, 

of scale factor 1. 

Lemma 5.4. Any 7 G /(Q) induces an isomorphism 

as points in M.{n — r,r)(S). Conversely, any isomorphism 

@{^,gKP)^@{C',9'Kn 
is induced by a unique 7 G I{Q). 

Proof. The quasi-isogeny j : A" ^ A° lifts uniquely to a quasi-isogeny 75 : 
Ag Ag which commutes with the Ofc-action and preserves the polarization 
A^. Moreover, the diagram 

fjPf : TP{A°) TP{A°) ^ y(Ap 

(5.5) (7s)a 7.i c,P{-y)l 

fff : TP{A"s) — > TP{A") ^ y(Ap 



SPECIAL CYCLES ON UNITARY SHIMURA VARIETIES II: GLOBAL THEORY 33 



commutes. Suppose that Q{(,,gKP) = {A,l,X) with quasi-isogeny (j) : A ^ 
Ag. Then the same cohection (A, l, A) with quasi-isogeny 75 o (/> satisfies the 
conditions of Proposition 15.31 for the pair {^',g'K^) = {ap{'j)(,, a'P {'y)gKP) . 
Hence 7 induces an isomorphism Q{(^,gKP) ~ Q{(^',g'KP). Conversely, an 
isomorphism (3 : Q{£^,gK^) ~ @{^' , g' K^) defines a quasi-isogeny cj)~^ o /? o 
(f)' : Ag — > Ag. This then defines an element 7 E 1(0) which induces the 
isomorphism (3. □ 



In the present situation, the uniformization theorem, Theorem 6.30 of [67J, 
amounts to the following. It reflects the process of forgetting the quasi- 
isogeny (j) in the construction of Proposition 15.31 Recall that we fixed a 
trivialization ()5.ip of the prime-to-p roots of unity over F. 

Theorem 5.5. Let Ai{n — r,ry^ denote the formal completion of 
Ai{n — r,r) XspecO^jSpec W^(F) along its supersingular locus. For a relevant 
space V'^ = (y,[[L]]) in TZ(n-r,r){^)K l^t M.{n — r, r)^"'*^*^ he the open and 
closed sublocus where the rational Tate module TP{A)^ is isomorphic to 

and the type of the hermitian lattice T2 {A) coincides with the type of the 
GX -genus [[L]]. Then the map induces an isomorphism 

e : [l^(Q)\(AAx G^(Ap°/i^P)] ^ 7W(n - r, r)^"'^^ 

of formal algebraic stacks over W , where is the stabilizer of L in G^(Aj). 

□ 

Note that our space N is (a slight variant of) the space M in [67J and that 
Theorem 6.30 of loc. cit. actually gives a stronger result, not needed here, 
involving the descent of both sides to Spf(Ofc ® "Lp). 

Remark 5.6. Recall from Proposition 12.201 the disjoint decomposition of 
M.{n — T, r)[^] according to strict similarity classes of relevant hermitian 
spaces in TZi^n-r,r){.'^)^ ■ Then, it is clear that by taking the disjoint sum of 
the spaces runs through the elements in the fixed strict 

similarity class \V], we obtain the formal completion of }A{n — r, r)[^] x 
SpecVF(F) along its supersingular locus. 

A special case of the previous result occurs for Mq. In this case the formal 
scheme A/q = AA(1, 0) is trivial, i.e., is equal to Spf W {canonical lifting). 

Let us now combine the uniformization theorems for M{n — r,r) and for 
M.0 to obtain a uniformization theorem ior Ai = M.{n — r, r) XspecO-j^ -Ato- 
Recall the disjoint sum decomposition of M.[\] according to relevant spaces 
G 7^(„_r,r)(fc)^ cf. Proposition [22Q1 We denote by A?^"'"" the formal 
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completion of M along its supersingular locus. Now there is a decompo- 
sition 

(5.6) jw^«.-= ]J M{vKVo),ss^ 
where 

(5.7) M^vKVolss ^ M{^r,rf''' x A^^o"""'", 

and {V^, Vq) runs over pairs in Tl(^n-r,r)m^ >^ ^(i,o)(^) with Homfc(Vo, V) ~ 
V. Note that the indexing on the right hand side of (|5.6p is determined by 
our choice of trivialization (j5.ip . 

Corollary 5.7. For a pair {V^,Vo), with {M{n-r,r)^' x Mq^Y^F) non- 
empty, there is an isomorphism of formal stacks over Spf W 

_y^(y«,vb),ss ^ [(/V(Q)x/^o(Q))\(_^xAAoxG^(Apo/K^"'PxGj'«(Apo/K^)]. 

□ 



6. Special cycles in the supersingular locus 

In this section, we utilize the uniformization described in the previous section 
to study the intersection of our special cycles with the supersingular locus. 
To lighten notation, we write M.{n — r,r) for M.{n — r,r) XspecO^j SpecVF, 
A^o for A^o XSpccOjij SpecVF, and M for M XspecO^ Specie. We denote 
the supersingular locus by (re — r,rY^, M.q^, and A^'^'^, respectively. We 
continue to treat the case p ^ 2, where it is (sometimes) necessary to keep 
track of the type of the Gj^-genera. When p = 2 is inert, the G]^-genera do 
not play a role. 

For T £ Hermm(fc), we write Z{T) for Z{T) xspcco^ SpecT^, and introduce 
the fiber product: 

(6.1) i i 

Z{T) M. 

Note that the formal stack 

_§(yit,yo),ss(2^) is the formal completion of Z{T) 
along ^(V'«,Vo),ss(2-) ^ 2{T) Xm A^(^"'^»)'^^ 

Having fixed a base point (^°, A°; Ag) in M^^''^°^ and lifts 

A° and E" to W, etc., as in the previous section, we have the uniformiza- 
tion of given by Corollary 15. 7[ Our goal is to give a similar 
uniformization of the formal stack Z^^'''^'-^'>'^^{T). 
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To the base point {A°, l° , X°; E° , i° , X^) in {M x MoY\¥) there are associ- 
ated two hermitian spaces, V and V. Here V = Homfc(Voj V)', it may also 
be characterized as the unique relevant space in '7^(n-r,r)(^) such that 

(6.2) V0A^^^Romj^^,^{TP{Er,TP{Ar), 

i.e., V is uniquely defined by the condition that {A", i° , X°; E° , l" , Xq) £ 
A^^'*^**(F). Note that the isomorphism (j6.2|) is determined by our choices of 
rj and 7]q as in (j5.2p . 
The space V is given as 

(6.3) F' = Hom^j£;°,A°) 
with hermitian form defined by 

(6.4) /i'(x,y) = (Ag)-ioyVoA"o:E. 

Note that the natural action of the group /^(Q) (resp. /^"(Q)) on V' by 
post-multiplication (resp. by pre- multiplication) preserves this hermitian 
form. For x £ V , let 

(6.5) x = r?°oxo(r?°)-i EHomfc^A.(yo(Ap,y(Ap), 
and let 

(6.6) ^eHomOfc®z,(Xo,X) =V 

be the corresponding homomorphisms. Note that there is a natural ac- 
tion of the group /^(A^ x /^o(Ap (resp. (Qp) x I^°{Qp)) on the space 
Hom(Vo(Aj), F(Ap) (resp. V), and the maps x x and x i— > x are 
/^(Q) X /^o(Q)-equivariant. 

Lemma 6.1. a) The hermitian spaces V and V' are isomorphic at all finite 
places I ^ p. At the archimedian place V has signature {n — r, r) and Hasse 
invariant (—1)'', whereas V' has signature (n,0) and Hasse invariant 1. 
h) /^(Q) ~ C/(y')(Q)> and /^"(Q) ~ fc^ = ker(Nmfc/Q). 

Proof. Recall that {A°,i",X") £ M.{n — r, r)^(F) is supersingular; hence 
we can choose an Ofc-equivariant isogeny A" ~ {E")^ . This yields, in turn, 
compatible isomorphisms 

V'{Q) = YLom^J^E" , A°) ~ End^^(E°)" = fc", 

and 

End^J^°) ^ M„(End^^(i?'')) = M„(fc). 
Hence also the natural map 

(6.7) A^ - Hom,^^. {T^ [E^f ^T^ {A'^f) 
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is an isomorphism. This proves a). 

For b) note that there are obvious homomorphisms U{V') and 

ker(Nmfc/Q) of algebraic groups over Q. Since these induce isomorphisms 
/^(Ap ~ U(y'){A^j), and /^"(A^ ~ (fc® A^)i, these homomorphisms are 
isomorphisms, and induce on the Q-points the isomorphisms in b). □ 

In order to state our uniformization result for special cycles, we need the 
following definition of special cycles in x M^, which is a slight variant of 
Definition 3.2 of [4S]. 

Definition 6.2. For a collection x G Homo^(g,Zp(Xo, X)*^, let Z{x) be the 
subfunctor of A^xAq, where Z{x.){S) is the set of isomorphism classes of col- 
lections {X, L, Xx; Y, i, Ay) in {MxMo){S) such that the quasi-homomorphism 

Px^ PY ■Y"' xs S — >X xsS 

extends to a homomorphism from Y"^ to X. Here S G Nilp^^, and S = 
S Xy/W \s the special fiber of S. 

Proposition 6.3. Fix a base point (yl°, A°; Ag) in 7W(^'''^o)''^'^(F), 

and define V' by i6.3\) . For S G Nilpy(/, define InCp(T; V^, Vo){S) (the inci- 
dence set ) inside 

{{Af X AAo)(5) X (G^(Ap7K^"'P x {A'jf / K^)) x F'(Q)™ 

to be the subset of collections {^,^o,gK^'^'P,gQKQ;x.°) determined by the fol- 
lowing incidence relations: 

(a) /i'(x^x°) = T. 

(b) g-' ox" 050 G Homo^^g,(TP(i?°),rP(^°))-. 

(c) (^,eo)G^(l°)c(AAxAAo)(5). 

Then InCp(T; y", Vo){S) is the set of S -points of the formal scheme 
lnCp{T;VKVo) = ]J II^(x°), 

where {gK^^'P , goK^) runs over [A^jf / K^^ x {A^)^ / K'^ , and x." G 

V'{Q)"^ runs over the set of m-tuples satisfying conditions (a) and (b). 
Moreover, there is an isomorphism of formal stacks over W , compatible 
with the uniformization isomorphism for in Corollary \5.7[ 

(i^(Q) X /^«(Q))\incp(r;y«,yo) ^ f(^".^').-(r). 

Proof. Let us recall our fixed trivialization (|5.ip of the prime-to-p units. 
Then in the notation of Proposition ESI the pair gK^'^'P), resp. (^Oj 9oKq) 
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determines {A, i, A), resp. {E, lq, Aq), and a quasi-isogeny (/> : A — > A°g, resp. 

(po-.E^ E°s. Let X G Romo,^,s{E, A)"^ be in Z{T){S). 

Let 

(6.8) xO = 00X0,^0 1 G Hom^^5(S°,yl°)'" = Hom^^(S°, ^°)'" = y'(Q)'", 
be the corresponding collection of quasi- isogenies, and let 

x° = ry" o x° o (ryg)-^ G Hom,^A.(yo(Ap, ^(Ap)-, 

and let 

x«GHomO^^^^(Xo,X)™ 

be the collection of quasi-isogenies of p-divisible groups induced by x°. By 
(i) of Proposition 15.3^ we have 

/i'(x°,x°) = /i(x,x) =r, 

i.e., condition (a) holds. Condition (b) follows immediately from (ii) of 
Proposition 15.31 Finally, by (iii) of Proposition 15.31 

{X{A), L, A, {(t>.)s, X{E), to, Ao, ((0o)*)5,^) e 2{^°)iS), 
where 2{x°) is the cycle in x A/q defined above. 

Conversely, if a collection x° satisfying (a), (b) and (c) is given, the collection 

X = o x° o (/)o G Rom1)^ s{E, A)"" 

actually lies in HoniOj^^siE, A)"^ and satisfies /i(x, x) = T. 

Finally, it is easy to check that dividing out by the action of /^(Q) x (Q) 
yields an identification with Z^^'^''^°'^'^^{T). □ 

Remark 6.4. When T G Herm„(Ofc)>o, so that Z{T) has support in the 
super singular locus, there is a decomposition 

(6.9) Z{T) = ]J ^(V«yo),ss(^^^ 

(vKVo) 

Suppose that Z{tY^*^^o),ss ^ before, let V = Homfc(Vb, V) and let V' 

be the unique positive definite hermitian space such that inv^(y) = inv^(y) 
for all i ^ p. Then y ~ Vr, where = fc" with hermitian form given by 
T. Indeed, for any point {A, t, X; E, lq, Xo;x) G 2:(r)(^"'^o)'^", the last entry 
defines a fc-linear map 

^ End^(£;, A) which is an isometry. Thus, 
the index set in (16. 9p runs over the pairs (0,Vb) such that V' c^Vr- 

Part III: Eisenstein series 

In the next four sections, we review some material concerning theta inte- 
grals, Eisenstein series, the Siegel-Weil formula, etc. that will be needed 
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in formulating our main results. We refer to [22j, and [39j for more 
details. 

7. The theta integral 

For the moment, we shift notation and allow V to be any nondegenerate 
hermitian space over k of dimension m. Let Gi = U(y) and let H = 
U(n,n) = U(VFo), where Wq is a split skew hermitian space of dimension 
2n. Let W = V (Xifc Wq, with symplectic form, 

{{Vi 0Wi,V2 0W2)) = tTk/Q{{vi,V2){wi,W2)), 

as in [26]. There is a homomorphism Gi x H ^ Sp(W) and {Gi,H) is a 
reductive dual pair. 

We fix a character ry of fc^ whose restriction to is x"*; where m = dim^ V 
and X is the global quadratic character attached to k. As explained in [2B] , 
the choice of rj determines a homomorphism 

Gi(A) X H{A) — > Mp(VF)(A) 

where Mp(VF)(A) is the metaplectic cover of Sp(VF)(A) and hence a Weil rep- 
resentatior0 u; of the group Gi(A) x H{A) on the Schwartz space 5(y(A)"). 
We normalize this so that the action of Gi(A) is given by {uj{g, l)ip){x) = 
if{g~^x). The theta function attached to ip G S{V{A)"-) is then 

xGy((Q)" 

where g G Gi(A) and h e H{k). 

We now suppose that m = n and that sig(F) = (n, 0). The theta integral is 
then 

I{h;ip) = / e{g,h;ip)dg, 
JGi{Q)\Gi{A) 

where the Haar measure dg is taken so that vol(Gi(Q)\Gi(A)) = 1. We 
take if = ipoo ® where 

(7.1) ipo.{x) = e-2-t=^(-'-) 

is the Gaussian, and 9?/ is the characteristic function of {L ® Z)"" for an 
Ofc-lattice L in V . We take Ki C Gi(Aj) to be the stabilizer of L (8> Z and 
we note that 



We also fix the standard additive character 1/; of A, trivial on Q and on Z and such 
that, for a; G R, ip^x) = e{x) = e^'^" . 
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for g E Gi(M). Write 

j 

Then 

/(/i;VP)=vol(Gi(R)Ki)-5^|r,r' E ^(hMgj'x), 

j a;ey{Q)" 

where Tj = Gi{Q) n gjKigJ^ is the group of isometries of the hermitian 

lattice Lj = (gj L i^Z) D V{Q_), and the lattice Lj runs over representatives 
for the classes in the Gi-genus of L. Note that 

1 = vol(Gi(Q)\Gi(A)) = vol(Gi(M)i^i) • ^ \T,\-\ 

j 

so that 

(7.2) mass(L) := ^ iTjl'^ = vol(Gi(M)i^i)-^ 

j 

is the classical mass of the genus of L. 
Taking hf = 1, we have 

I{h;ip) = mass(L)^-^ XI l^-?''"^ X] ^oo{h)ipooix). 
j xeL^ 

Let D{Wo) be the space of negative n-planes in W/o(M), so that 
D{Wo) ~ {z e M„(C) I v{z) := {2i)-\z-^z) > }. 
Write z = u{z) + iv{z), with u{z) = 2^^{z + *z), and let 

(7.3, toe '^-0 

where a £ GL„(C) with v{z) = a^a. Note that h2:{iln) = z. Now taking 
hoo = hz, we have 

(7.4) u;ocihz)iPoo{x) = r/oo(det(a)) det(f(z))t 

where, for T G Herm„,(C), we write = e(tr(Tz)). Thus, we obtain the 
classical expressioij^ 

(7.5) I{z; L) : = 7?oo(det(a))-i det(7;(z))-t /(/i,; (/?) 

= mass(L)"^ • ^ rgcn{T, L) . 

reHerm„(Ofc) 

Here the T-th Fourier coefficient is the representation number 

(7.6) rgen(T,L) = j;|r,r'|f^(T,L,)|, 



^This is called the analytic genus invariant in Siegel [73] and Braun [10] . 
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where Lj runs over the classes of lattices in the Gi-genus of L, and 
n{T,Lj) = {xeL'l\ {x,x) = T}. 



8. The Siegel formula 

Now we assume that det(T) 7^ and we express It{z]L), the T-th Fourier 
coeffiicient of the theta integral defined in (j7.5p in terms of local densities. 
This is done in detail in section 6 of Ichino, [32], as part of the proof of the 
regularized Siegel- Weil formula for unitary groups. Here we specialize his 
formulas to the case where dim(y) = n. 

We slightly shift notation and take dg to be Tamagawa measure on Gi(A), 
defined with respect to a gauge form i^d on Gi . Since the Tamagawa number 
of Gi is 2, we include a factor of ^ in the definition of the theta integral. 
For general factorizable ip = ®v^v £ S{y{K)'^)^ Ichino obtains, 

lT{h\Lp) = ]-L{l,xy^ T\K^ I uj{h^)ipvix)dfj.T,vix), 

where the convergence factors are 

(8.1) = L„(l,x.), 

and where QxiQv) is the set of Qi,-points of the variety 

= {x e I {x,x) =T}. 

The measures dfiT,v are defined as follows. We choose x E V{Qv)^ with 
(x,x) = r, and define an isomorphism : Gi{Qy) ^t{Qv) via 1-^ 
gv ■ X. The measure dfj^x^v on ^IxiQv) is obtained, via this isomorphism, 
from the Tamagawa measure dgy on Gi{Qy) determined by vqi- Note that, 
for a place v ^ S, for a sufficiently large finite set of places S including the 
archimedean place. 



„ n 
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o that I 

^ n— 1 

lT{h; ^) = - L(l, x)-' n ^""(^ - ^ + 1' X"-*""')"' 



i=l 



X 



- n L^(n - z + 1, x""'+')"' n / ^ihv)Mx) dfiTA^). 



On the other hand, if <I>(s) is the Siegel-Weil section associated to a factor- 
izable cp, we have a factorization, [32] [74], 

of the T-th Fourier coefficient of the Eisenstein series again, for a sufficiently 
large finite set of places S, where, for convenience, we set 

n 

(8.2) L^{2s, n,x) = ll L^{2s + n - i + 1, 

i=l 

Here, for Re(s) > n, the Whittaker function (discussed in more detail in 
section 10 below) is given by 

(8.3) WT,v{hv,s,^v)= [ <l>y{w^^n{K)K,s)M-tT{TK))dK, 

J Hernin ( fc„ ) 

where db^ is the self-dual measure on Herm„(fc„) with respect to the pairing 
(^1,^2) = V'i;(ti'(^i^2))- By a standard argument due to Weil, [5T], [Bl], see 
also [50], p. 127, at s = we have 



(8.4) WT,v{hv,0,^v) = / Lv{K)(p^{x)dfiT,v{x), 

JnTiQv) 

where 7^ is a Weil index. Note that, in this identity, the gauge form 
defining the measure diJ,T,v is the one determined by the moment map (jl0.3p . 
This point is discussed in more detail in section [TOl below. Since, for S 
sufficiently large, 

this proves that 

(8.5) 2lTih;^)=ETih,0,<l>). 



Here, as usual, the superscript S indicates that the Euler factors for the primes in S 
are omitted. 
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In particular, taking h = as in (j7.3|) . we have 

(8.6) 2/t(z;(^) =??oo(det(a))-i det('t;(z))-i ^t(/i^, 0, 

Let be the Siegel-Weil section associated to the Gaussian (jT.ip . and let 

^f{s) be the standard Siegel-Weil section associate to ipf, the characteristic 
function of (L Cg) Z)*^. We obtain the fundamental identity 

(8.7) 2mass(L)"Vgcn(T,L)g^ 

= L^(0,n,x)"' • n W^t,£(0,$^)-VFt,oo(/i.,0,$^), 

for a sufficiently large set of primes S = SfU {oo}. Here ^i{s) is the Siegel- 
Weil section attached to ipi, the characteristic function of the set (L^Z^)". 

9. The incoherent case 

We now turn to the incoherent case. Fix a hermitian space V with signature 
(n — 1, 1) and assume that V contains a self-dual lattice L, i.e., that V is 
relevant in the sense of section 2. Take ^pj G S'(y(Aj)") to be the charac- 
teristic function of (L (8) Z)". The incoherent Eisenstein series is defined to 
be E{h,s,^) for ^{s) = ^{s,L) = ^oo{s) (^^f{s,L) where ^>/(s,L) is the 
Siegel-Weil section associated to iff and <I>oo('S) = ^2oi^) the Siegel-Weil 
section attached to the Gaussian of a hermitian space of signature (n,0). 
As in the previous section, e.g., (|8.6p . we let 

(9.1) E{z, s, $) = 7?oo(det(a))-^ det(t;(z))-t E{h„ s, $) 

be the corresponding 'classical' Eisenstein series. As explained in [39] (in 
the orthogonal case), E{z,0,^) = and we are interested in the central 
derivative E'{z, 0, <I>). 

For T G Herm„(fc) with det(r) / 0, let 

(9.2) Diff(r,y) = {p < oo I Xp(det(r)) = -Xp{det{V))}. 

Note that only ramified or inert primes can occur in this set. Moreover, if 
T > 0, then 1 = Xoo(det(r)) = -Xoo(det(y)), and hence Diff(T, V) has odd 
cardinality, due to the product formula (jl.2p . Finally, since V contains a 
self dual lattice, an inert place p lies in Diff(T, V) if and only if ordp(det(T)) 
is odd. By the analysis reviewed in the previous section, 

ET{h,s,^) = L^{2s,n,xr^ ■ YIWtA^v, s,^v), 
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for a sufficiently large finite set S of places including the archimedean place. 
We assume that S contains Diff(T, V). By the same argument as in [55] . 

for all p £ Diff(T, y), since Vp does not represent T. This implies the 
following. 

Lemma 9.1. (i) If T £ Herm„(fc)>o, and |Diff(r,y)| > 1, then 

E'j,{h,0,^) = 0. 

(ii) //Diff(r,y) = {p}, then 

E'^ih, 0, $) = W^^pihp, 0, ■ L^(0, n, x)-' • J] ^rAhv^O, 

ves 

(in) /f Diff(r, V) is empty, so that sig(r) = (n — r, r) for r odd, then 

These formulas can be made more explicit; we will only do this in a special 
case. We take h = hz, as above and note that, by analogy with Lemma 5.2.1 
of [50], Erikz, s,^) vanishes unless T £ Herm„(Ofc). 

Remark 9.2. In this situation, we will abbreviate the notation and write 
Wt.p{s, ^p) for Wx.pie, s, ^p) for a finite prime p. 

We suppose that T £ Herm„(Ofc)>o with Diff(T, V) = {p} iov an odd inert 
prime p. Let V' = Vr, so that invp(y') = — invp(y) and inviiV') = inviiy) 
for all other finite primes. Fix an isomorphism V'{A^j) = V{A^j), and let L' 

be the lattice in V' determined by L' (8) = L (8) and L'p = A* where 
A C 1^' is a vertex of type 1 and level as in section 11. Let ip'p £ S'((l^')"') 
be the characteristic function of (L'p)^, and let ip' = (p'^® <^ where ifP £ 
^(^(Aj)") is the characteristic function of (L ® Z^)". The following facts 
will be proved in the next section. 

Proposition 9.3. For T £ Herm„(Ofc)>o with Diff(r, V) = {p} for an odd 

inert prime p, suppose that, under the action o/ GL„ (Ofc^p), 

T~diag(l„_2,p^/), 0<a<5. 

(i) Let ^p{s) he the Siegel-Weil section associated to the characteristic func- 
tion ifp of the set (L ® TLpY in V{%Y. Then 
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where 

/"p(r) = ^E/(« + ft-2^ + l), 

and 

n 

Lp{2s, n,x)=ll Lp{2s + n - i + I, x^'^')- 

i=l 

(a) Let <J>p(s) he the Siegel-Weil section associated to the characteristic func- 
tion of the set (Lp)" in {Vp)"' , where L'p = A* for A C Vp a vertex of type 
1 and level 0. Then 

1 — ( —^)'^~^^'n~"■~^ 

In particular, this quantity is nonzero and independent of T . 
Using the nonvanishing in (ii), we can write 

Then, using (j8.7p and Proposition 19.31 we obtain the expression 

£;^(z,0,$) = ^lp{T) log(p) • Cp • 2mass(L')-Vgen(T,L') • , 

where 

1 - 

Cp=p^-. ^ 



1 - {-l)n+lp-n-l- 

Finally, we write G'^ = UiV') and note that Gi = Uiy) and G'^ are inner 
forms of each other. Our fixed choice of a gauge form vi = vq^ on Gi 
determines a gauge form z/{ = uqi^ on G'l and hence there are associated 
Haar measures on Gi(Qp) and G'i{Q_p). Now, by (|7.2p for the positive definite 
space y, we have 

2mass(L')"^ = ^o\{G'i{W)K[,dv[) 

where the volume is taken with respect to Tamagawa measure and our fixed 
convergence factors ()8.ip . By (iii) of Lemma 110.51 we have 

Cp ■ -vollK'i pjdu'i) = Mol{Ki^p, dvi). 

Thus 

Gp • 2mass(L')"^ = vo1(G;(M)) vol(i^i, di/i). 

As we will see in a moment, the quantity \o\{Gi{K) , dv'i) is independent of 
p. For later convenience, we will now write 

(9.3) E{z,s,L) = E{z,s,^) 
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to emphasize the dependence on the choice of the self-dual lattice L. 

Corollary 9.4. For T G Herm„(Ofc)>o with Diff(r, = {p} for an odd 

inert prime p, suppose thatT satisfies the condition of Proposition [973[ Then 

E!r{z, 0,L)=C- fip{T) log(p) • rge„(T, L') ■ , 

where L' is the almost self-dual lattice obtained from L as in (ii) of Propo- 
sitionlEE and C = vo\{G[{M))vol{Ki,di^i). 

Finally, the constant C = vol(G^(M))vol(i^i) has the following nice inter- 
pretation. 

Lemma 9.5. 

= • x(Gi(Q)\(Z) X GiiAf)/K,)), 

where 

x{T\D) = [ n, 

Jr\D 

is the integral of the Gauss-Bonnet form $7. 

Proof. First note that, for Tamagawa measure, 

1 = vol(Gi(Q)\Gi(A)) = ( J]vol(r,\Gi(M))) -voKi^i), 

j 

where 

Gi(A) = ]jGi(Q)Gi(M)5ji^i 

i 

and Tj = G{Q) n g-jKigJ^. Thus 

Yo\{Ki)-^ = ^vol(rj\Gi(M)) 
j 

and so 

C"^ = vo1(G; (M))-^ ^ vol(rj \Gi (M)). 

i 

Here we are using the measure obtained from matching gauge forms on 
Gi(M) = U{n — 1,1) and its compact dual G"^(M) = U{n), i.e., the gauge 
form on Gi^c used to define our global Tamagawa measure. But then, the 
ratio is independent of the choice of this gauge form. Now write the real Lie 
algebra of Gi as g = t + p where dimp = 2n — 2 and g' = 6 + ip. We can 
use the standard recipe, described in Serre's article [70] on Euler-Poincare 
measures, pp. 135-138, to give a top degree form 17 on p (degree 2n — 2) such 
that 

yoliT\D,n) = xir\D), 
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for x(r\D) the Euler characteristic of the manifold T\D, when T is torsion 
free, i.e., gives the Gauss-Bonnet form on D, We can extend this to 
Q by wedging with a top degree form r/ on 6 which gives the corresponding 
maximal compact subgroup volume 1. According to [70] p. 136, the resulting 
measure /u on is an Euler-Poincare measure. Then, since the form on 

ip corresponds to (—1)""^ times the Gauss-Bonnet form on P"~^(C), the 
measure of G'l (M) is 

vo1(G;(M)) = vol(P"~^(C)) = (-l)"-V(P"-i(C)) = (-l)""^n. 

□ 

10. Representation densities 

In this section, we derive the information about local Whittaker functions 
and their central derivatives summarized in Proposition 19.31 from various 
explicit formulas for representation densities of hermitian forms. 

Recall that the classical representation densities are define as follows. For 
nonsingular matrices S £ Hermm (Ofc,p) and T G Herm„ (Ofc^p), let 

Ap,{S,T) = {xe Mm,n{Ok/p''Ok) I S[x] = T mod /Herm„(Ofc)^ }, 

where 

Herm„(Ofc)'^ = {6 G Herm„(fc) | tr(6c) G Ok for ah c G Herm„(Ofc) }. 
The representation density is then defined as the limit 

ap{S,T) = hm |A ,(5,r)|. 

k—*oo 

An explicit formula for ap{S,T) has been given by Hironaka, [27], in the 
case of an inert prime p. 

These quantities are related to the Whittaker functions WT,p{s,^p) where 
$p(s) is the Siegel-Weil section determined by the characteristic function 
(Pp G S{Vp) of {Lp)^ for a lattice Lp on which the hermitian form has 
matrix S. We sketch the argument, which is analogous to that given for 
quadratic forms in [39], in order to be precise about the various constants 
involved. 

Recall that 

(10.1) Wt,p{s,%)= [ %{w-^n{h),s)^p{-tT{Th))dh. 

^Herm„(fcp) 

wheral 

'^Note that the conventions here differ sUghtly from those of [26], (6.5). 
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and db is the self-dual measure with respect to the pairing 

(6,c) = Vp(tr(6c)) 
on Herm„(fcp). In particular, note that 

vol(Herm„(Ofc,p),d6) = |A|^("-i)/^ 
Proposition 10.1. Let 

( Ir 
Sr=\ S 

Then 

WT,p{r,%) = -ip{Vr \N{deiS)\f |A|;ap(5„r), 

where 7p(V^) is an eight root of unity given by hlO.B^) and e = ^n{m + 2r) + 
in(n - 1). 

[rl 

Proof. We first use Rallis's interpolation trick. Let Vp = Vp (B V^^r where 
Vr^r is the split space of signature (r, r), and let 

where (/j^.r is the characteristic function of (Lr^r)"' for a self-dual lattice Lr^r 
in Vr^r- Then, as in [39], p. 642, 

^p{h,r)=u;{h)^P{0), 

where to is the Weil representation of H{Qp) on S{{Vp^^)^). Note that we 
use the character rj to define the Weil representation for all r. Recall, [38], 
that for w = Wn & U(n, n) as above, 

uj{w~'^)ipp{x) = 7p(y)" / V'l-trfc/Q tr(x, y)) ipp{y) dy, 

where 

(10.2) ^p{V) = (A,det(yp))p7p(-A,r?r7p(-l,r/)-'", 

and dy is the self-dual measure with respect to the pairing 

{x,y) = i)p{tTk/Q tv{x,y)) 
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on Vp. Inserting this in (jlU.l|) and writing N for Herm„(fcp), we have 
WT,pir,'^p)= [ M-tr{Tb))%{w~^n{b),r)dh 

= [ M-tr{Tb))jpiVr [ M^<Kx,x)))ipP{x)dxdb 

(x,x)-TGp'=Herm„(Ofcp)V 

Here, in the last step, we have computed the integral over A*" as the limit of 
the integrals over the sets Herm„ (Ofc^p) C A^. 

Take ipp = ipip and choose an integral basis for Lp © Lr^r for which the 
hermitian form has matrix Sr, as above. Then {Lp(BLr^r)^ = Mm+2r,n{0k^p) , 
and we have 

n ri(m + 2r) ri(m + 2r) 

vol(M„+2r,n(Ofc,p),dx) = |iV(det5,)|J |A^(ap)|7^ = |det5o|^|A|7^, 

where | \p is the norm on Qp and dp is the different of kp/Qp. We break the 
integral up into cosets of p'^ Mm+2r,niOk) in Mm+2r,n{0k)- 

This gives 

WT,p{r,%) = IpiVr I det5|" |A|; lim 4 , (5„ r)| 

= jp{Vr\detS\;\A\'pap{Sr,T). 
where e = "(™+^'') -|- ii(n — l)/4. □ 

Proof of Proposition 19.31 In the case of an odd inert prime, the formula 
above reduces to 

WT,p{r, = ^p{Vr I det S\; ap(5„ T). 
Now, by Proposition 9.1 of [IS] (which uses Nagaoka's formula [59j). we have 
W^^piO, $p) = jp{Vr I det S\; a'p{S, T) \og{p) 

= ^p{VT I det S^p ap{S, S) fip{T) log(p). 
This proves (i), where we note that 

n 

c^p{S,S) = Hil - (-l)V') = Lp{0,n,x)-'. 

i=l 

To prove (ii), let S' = diag(l„_i,p) and consider 

WT,p{0,^p) = ^p{V;rp-''ap{S',T), 
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where, by (I10.2|) . 7p(l^') = — 7p(^)- Note that S' is the matrix for the 
hermitian form of Vp on the lattice A*, where A is a vertex of type 1 and 
level in Vp. The analogue of the reduction formula of Proposition 9.3 of 
which follows immediately from Corollary 9.12 of [38], implies that 



ap{S',T) = ap{S',ln-2)ap{S",T"), 
where S" = diag(l,p) and T" = diag{p°' , p^) . 

The last two factors are easy to calculate using Hironaka's formula. 
Lemma 10.2. 

n.-l 

ap(5',l„_2) = n(l-(-l)V-'). 

i=2 

Proposition 10.3. 

In particular, this value is independent of a and b. 

Proof. This value can, no doubt, be computed directly using Hironaka's 
formula, but the calculation required can be reduced considerably by the 
following trick. Observe that, since a + 6 is odd, T" is not represented 
by I2, and hence ap{l2,T") = 0. On the other hand, Hironaka's formula 
|27j . Theorem H, p. 43, involves a sum on integral vectors /x = {d,c), with 
d > c > such that d <b + l and c < a + 1 and this range of summation is 
the same for any nonsingular S £ Herm2(0fc) and, in particular for S = I2 
and for S". Thus, writing 

ap{S",r') = ap{S",T")-p-^ap{l2,T"), 

it is easy to check that the right side here only involves terms for fi with 
c = 0. A relatively short computation then yields the given expression. □ 

Corollary 10.4. For n>2, 

ap{S', T) = ap{S, S) 5 . 

1 — 

In particular, ap{S',T) is independent ofT. 

This finishes the proof of Proposition 19.31 □ 

Finally, we need to obtain some information about the dependence on p of 
the quantity mass(L'). To do this, we first record a few facts about the 
moment map 

(10.3) h : — > Herm„, x ^ {x,x), 
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for a hermitian space V. Let 

VZg = {xeV''\detih{x))^0}. 
Let Gi = U(y) and note that for any x £ with h{x) = T, the map 

: Gi ^ Qt = h^'^iT), g^g-x 

is an isomorphism. 

Fix basis elements a e A*°P(y")* and /3 e A*°P(Herm„)* and write a and 
/? for the translation invariant forms they define. Then there is a form u of 
degree on such that (i) a = h* [3 A u, (ii) is invariant under the 
action of Gi x GL(n) on and (iii) for all points x G V^^, the restriction 
of u to ker(d/i2,.) is nonzero. In particular, the pullback z/c^ = i*^u is a 
gauge form on Gi which is independent of the choice of x. It determines 
a Tamagawa measure on Gi(A) via a choice of convergence factors A^, as 
in (|8.1|) above. The analogous facts in the orthogonal case are described in 
detail in Lemma 5.3.1 of 1501. 



In the local situation, we have the following useful observations. The ana- 
logue of Lemma 4.2 of [M] implies that the distribution 



if ^ Wt,p(0, ^>^) 
on S{Vp ) is proportional to the orbital integral 



OT,p{'f) = / Lp{x)dT,p{x), 

where dj-^pix) is the measure on r^rCQp) determined by the restriction of z/ 
to Qt- More precisely, by the same argument as in pp. 121-127 of [SDJ, we 
have 

Wt,p{0, %) = Cp{V, a, /?, V) • Ot,p{^), 

where 

Cp[a,'ip) 

Here 

da,pX = Cp{a, ip) dx, 

where da^pX is the measure on Vp determined by the gauge form a and dx is 
the self-dual measure with respect to the pairing {x,y) = ipp{tT:^,^/Q^tic{x, y)). 
Similarly, 

d/3,pb = Cp{[3,'4)) db 

where d^^pX is the measure on Herm„(fcp) determined by the gauge form 
(5 and dh is the self-dual measure with respect to the pairing ( 6, c ) = 
'(/'p(tr(6c)). Taking ujp{h)(p in place of if, we get 

WT,p{h,Q,^^) = Gp{V,a,^,^) ■ OT,p{oj{h)^). 
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Note that, globally, 

n Cp(y,a,/3,V) = 1. 

p<oo 

Lemma 10.5. (i) Let Lp G Vp be an 0]c,p-latUce with basis {vi, . . . ,Vn}, 

and let S = {ivi,Vj)) be the matrix for the hermitian form on Lp with respect 
to this basis. Let Kp C U{Vp) = Gi(Qp) be the stabilizer of Lp. Then 

h-\S)nL; = Kp-v, 

where v = [vi, . . . ,Vn] G Vp . 

(a) Let dg be the Tamagawa measure on Gi(Qp) determined by the gauge 
form vgi = i%i^- Then 

Yo\[Kp, dg) = ^ |A|| • ap{S, S), 

where v (g) e is the Ok,p-basis Vi ^ ej for Lp = Lp (E)Zp '^p, for the standard 

basis Cj of . 

(Hi) 



vol{Kp,dg) \det{S)\^ap{S,S) ^ 

Proof. To prove (i), take x G h~^{S) fl Lp, and write x = g ■ \ = \ ■ a, 
with g e Gi(Qp) and a G GL„(ft;^) n M„(Ofc,p). Let Lp c Lp be the O^^p- 
lattice spanned by the components of x. Then Lp = g ■ Lp and \Lp : Lp\ = 
|A^(deta)|-i. But 

S = (x, x) = (va, va) = *a(v, v)a = *aSa, 

so that iV(dcta) = 1 and gLp = Lp, i.e., g G Kp. Conversely, if A; G Kp, 
then = k ■ Y e h-^{S) n L^. 

To prove (ii), note that by (i), 

vo\{Kp,dg) = Os,p{ipp), 

where ipp is the characteristic function of L^. Thus, 

YoKKp, dg) = Cp{V, a, (5, i^)-' Ws,p{0, ^p) 
(10.4) = CpiV, a, 13, iP)-^ 7p(^)" I det |A|; ap{S, S) 



Cp{a,'il)) 



detS|^|A|!ap(S,S). 



Cp{l3,%lj) 

If V is an Zp-basis for Lp, write v (g) e for the basis Vi ® ej for L^ = Lpi 
Then 

Yo\{L^,da,px) = \a{v^e)\p = Cp(a, V') | det SI^IA]^ , 
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SO that 



Cp{a,tlj) = |a(v®e)|p|det5|p"|A|p ^ 
Similarly, if w is a Zp-basis for Herm„(Ofc^p), then 

vol(Herm„(Ofc,p),(i/3,p6) = |/3(w)|p = Cp{P,ip) |A 




Using these expressions in (jl0.4p . we obtain (ii). 

Finally, to prove (iii), we write v' = v • a for a £ GL„(?^). Then 

S' = *aSa, 




□ 



Part IV. Arithmetic intersection numbers 



From now on, we restrict to the case of signature (n — 1,1). Accordingly, 
we abbreviate M{n — 1,1) to M{n), and we write Ai for the base change 
M{n) XspeciOk) -^0 of M{n) to A^o- 



We first recall from the introduction the following definition. 

Definition 11.1. A hermitian matrix T S Hermm(Ofc)>o (and the corre- 
sponding special cycle Z{T)) is called non- degenerate if Z(T) is of pure 
dimension n — m. 

In particular, in the special case m = 1 any T = t £ Z>o is non-degenerate. 

The following proposition, which gives a partial characterization of non- 
degenerate T G Herm„(Ofc)>o, follows from [38] and Proposition 16.31 above. 
Recall that for a nonsingular T in Herm„(Ofc), Diffo(T) is the set of inert 
primes p such that ordpdet(T) is odd. 

Proposition 11.2. For T G Herm„(Ofc)>o, suppose that Z{T) ^ 0. 

(i) Suppose that Diffo(T) = {p} for p > 2. Let r^{T) = n — rank(red(T)) 
be the dimension of the radical of the hermitian form red(T) over Ok/pOk- 
Then Z{T) is equidimensional of dimension 



In particular, T is non- degenerate if and only if T is GLn{Ok,p)- equivalent 
to diag{ln-2,p"',p'') with < a < b. 



11. The MAIN THEOREM AND A CONJECTURE 



dimZ(r) 



vo(r) -1" 

2 
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(ii) Conversely, suppose that T G Herm„(Ofc)>o and that, for an odd unram- 
ified prime p, Z{T) n is a nonempty 0-cycle. Then T is non- degenerate 
with Diffo(T) = {p}. 

Proof. By Proposition 12.231 the cycle Z(T) is empty unless |Diffo(T')| < 
1. When |Diffo(T)| = 0, then the cycle 2{T) is supported in the fibers 
at ramified primes. Thus, under either of the hypotheses in (i) or (ii), it 
follows that p is an odd inert prime and that Diffo(T) = {p}. Moreover, 
by Remark 16.41 supp(2^(T)) is contained in the component A4p'^^, where 
V S '7^(n-i,i)(fc) is locally isomorphic to Vr at all finite places away from 
p. Now the completion of Z{T) along its supersingular locus breaks up 
into a disjoint sum (j6.9p of Z^^^''^°^'^^{T), where the pairs (1^", Vq) run over 
■^(n-i,i)(^)* X 7^(i,o)(fc) such that Homfc(Vb,V^) ~ V. By Proposition [631 
Z^^'^'^°^'^^(T) is the stack quotient of the formal scheme 

(11.1) lnCpiT;VKVo) = ]J U^^")' 

by the group /^(Q) x /^"(Q). It is shown in [35] that Z{x°) is equidimen- 
sional of dimension [(r^(T) — 1) /2], and hence is a 0-cycle if and only if T is 
GL„(Ofc^p)-equivalent to diag(l„_2,p",p'') with < a < 6. □ 

Remark 11.3. To obtain a complete characterization of non-degenerate T's of 
maximal size it would be necessary to determine what happens for ramified 
primes and for p = 2, e.g., to extend the results of ^77j, [79j and ^48j to such 
primes. 

For positive integers mi, . . . , with Yll=i '^i — ^ Hernimi (Ofc)) 

with corresponding special cycles Z{Ti). The fiber product of these cycles 
over M. decomposes as 

(11.2) Z{Ti) XM X ...XMZiTr) = ]JZiT), 

T 

where T runs over elements of Herm„(Ofc)>o with diagonal blocks Ti, . . . , T^. 
The decomposition is according to the fundamental matrix which, to an S- 
valued point {A, l, A; io; -^o! xi, . . . , Xj.) for a connected scheme 5, attaches 
the matrix T = /i'(x, x), where x = [xi, . . . ,Xr]. Here h' is the hermitian 
form ([TH) on Homo^(-E', ^). 

Definition 11.4. For T E Herm„(Ofc)>o with non-degenerate diagonal 
blocks Ti, . . . ,rr, let 

(11.3) {Z{Ti), Z{Tr))T = Y,x{Z{T)p, Ozin) ®^ • • • ©^(t.)) logP- 

p 
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Here Z{T)p denotes the part of 2(T) with support in the fiber at p. Note 
that by Proposition \2.2'6[ Z{T) has proper support in the special fiber of 
at most finitely many primes p, so that the sum and the Euler-Poincare 
characteristics appearing here are finite. Note that, since Z{T) is a stack 
and not a scheme, we have to use here the 'stacky' definition of the Euler- 
Poincare characteristic, cf. [17j . VI 4.1. 

Remark 11.5. Note that, if T G Herm„(Ofc)>o is non-degenerate, then the 
diagonal blocks Ti, . . . , are automatically non-degenerate. 

By Proposition [2231 if |Diffo(r)| > 1, the cycle Z{T) is empty and the 
Euler-Poincare characteristic is zero. On the other hand, if Diffo(T) = {p}, 
then Z{T) is supported in the fiber over p oi ^A, and 

(11.4) (^(Ti), . . .,Z{Tr))T = x{Z{T),Oz(T,) OziT.)) logp. 

Finally, if Diffo(r) is empty, then Z{T) is either empty or supported in the 
fibers for p ramified in fc, and the sum in (jll.Sp runs over such primes. 

We expect that {Z{Ti), . . . ,Z{Tr))T is the contribution of T to the arith- 
metic intersection number of the non-degenerate special cycles Z{Ti), . . . Z{Tr). 

Proposition 11.6. Let T S Herm„(Ofc)>o with diagonal blocks Ti,...,Tr 
and assume that T is non- degenerate. Then 

Oz{T,) ®^ ---^^ OziTr) = Oz(T,) Oz(T,.y, 

more precisely, Oz(Ti) . . . 'S' Oz(Tr) represents the left hand side in the 
derived category. 

Proof. We use the p-adic uniformization. Proposition 16.31 of special cycles. 
We are then reduced to the corresponding statement concerning closed for- 
mal subschemes of ~ x A/q: we are given 

cM, ^. G HomOfc«z,(Xo,X)"% 

for i = 1, . . . , r. By assumption rii=i,...,r2i2£-) is of dimension (and in fact, 
by [H]) Corollary 4.7 reduced to a single point ^). But by Proposition 3.5 
of [H], for any x G Homoj^,(g)Zp(Xo, X)"', the formal subscheme Z{x) of is 

defined by a single equation. It follows that, denoting by (j = 1, . . . , 
the components of x^, each Z{xl) is a formal divisor in M, and ^(Xj) is 
the proper intersection of these divisors. Hence the local equations f^ (j = 
1, . . . , rij) of the divisors Z{xl) form a regular sequence in the regular local 
ring Oj^^^. This implies that Oz{-x. ) represents the derived tensor product 
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Indeed, each is represented by the complex 

[O A O]. 

Hence the derived tensor product of all O^^f^^j^ is represented by the Koszul 

complex [8j of the elements {j = which, since the // form a 

regular sequence, has as its only homology group the module Oz{x_)- 

Similarly, since all formal divisors Z{x^-) (i = 1, . . . , r; j = 1, . . . nj) intersect 
properly, an analogous reasoning proves that all form a regular sequence 
in Oa^,5 and hence the derived tensor product of all ^'^{a-') represented 
by the Koszul complex of the elements /,^, which has as its only homology 
group the module Opi2(i'^)' '-' 

Corollary 11.7. For a non- degenerate T £ Herm„(Ofc)>o with diagonal 
blocks Ti, . . . , Tr, 

{Z{Ti), . . .,Z{Tr))T = length(Z(T)) • logp =: d^{Z{T)) 

is the arithmetic degree of the 0-cycle Z{T). In particular, this quantity is 
independent of the choice of the sizes of the blocks Ti on the diagonal ofT. 

Note that the blocks Tj here are automatically nondegenerate, cf. Remark lll.Si 

The proof of the following explicit formula for the length will be given in 
the next section. 

Theorem 11.8. Let T £ Herm„(Ofc)>o be non- degenerate with Z(T) ^ 
and with Diffo(T) = {p} for some p > 2. Then 

length(Z(r)) = /ip(r) • • rgen{T, Vt), 

with 

1 " 

/^p(^) = ^Y.P'ia + b+l-2l), 

1=0 

where T is GLn{Ok,p)- equivalent to diag{ln-2, p"" , p'') with < a < b. Also, 

rgen{T,VT) = ^ rgen{T,L'), 
llL']] 

where rgen{T, L') is the number of representations ofT by the \J(yT)-genus 
of L' , a nearly self-dual lattice, in the sense of U2.6\) . in the hermitian space 
Vt of dimension n determined by T. In the sum, [[L']] runs over the genera 
of nearly self-dual lattices in Vt, cf. Corollary \2.17\ 
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Note that the factor ^ is the degree of the stack M-o = [0^\SpecO//] 
over SpecOfc. 

We may now formulate our main result. Recall that for each = {V, [[L]]) S 
7^(„_i i)(fc)S there is an incoherent Eisenstein series defined by (j9.ip . where 
at p = 2 the self-dual lattice is taken to have the type given by . We now 
write E{z, s, F") = E{z, s, L) for this series, to emphasize the dependence 
on yf, and let 

(11.5) E{z,s,V)= ^(^'^'^")' 

vi=(vm]) 

be the sum of these series over the G]^-genera of self-dual lattices [[L]] in V , 
cf. Corollarv 12.171 We also consider the Eisenstein series 

E{z,s)= E{z,s,Vi) 
obtained by summing over all self-dual genera. 

Theorem 11.9. Let T £ Herm„(Ofc)>o be non- degenerate with Z{T) ^ 
and with Diffo(r) = {p} for some p > 2. Let Vr be the positive definite 
hermitian space of dimension n determined by the matrix T . Then 

Eiriz, 0) = Eiriz, 0, V) = Ci ■ d^g{Z{T)) ■ q^, 

where V G T^{n~i,i){^) the unique relevant hermitian space that is locally 
isomorphic to Vr at all primes other than oo and p, and E{z,s,V) is the 
corresponding incoherent Eisenstein series defined by U1.5\) . Here 

C7i = ^vol(GUM))vol(iCi), 
hk 

for Ki C U{V){Kf) the stabilizer of a self-dual Ok-lattice L in V and for 
the measure normalized as in sections\7\ and\M 

Note that the factor vol(G^(M))vol(ii'i) is a (stacky) Euler characteristic, as 
explained in Lemma 19.51 

Proof. This result is an immediate consequence of the formulas for the two 
sides given in Corollarv 19.41 and Theorem 111.81 respectivelv. □ 

Note that this identity can be rephrased as saying that, for T as in the 
theorem, 

Elriz, 0, V) = Ci- (Z(Ti), . . . , Z{Tr))T 
where Ti, . . . , are diagonal blocks of T, as above. 

We have the following conjecture. 
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Conjecture 11.10. Let T € Herm„(Ofc)>o with non- degenerate diagonal 
blocks Ti, . . . ,Tr and assume that DiSoiT) = {p} for p > 2. Suppose that 
Z{T) 7^ 0. Let Vt, V , and E{z,s,V) he as in Theorem Ml.Si Then 

E't{z, 0) = E't{z, 0, V)=Ci- {Z{Ti), Z{Tr))T ■ ■ 

The point here is that, when the cycle Z(T) has positive dimension, there is 
no intrinsic definition of an arithmetic degree deg Z{T). Instead, we assign 
to T as in Conjecture Ill.lOl the fohowing quantity. Let ti, . . . ,t„ £ Z>o be 
the diagonal entries of T. Then consider 

(11.6) d^Z{T) := {Z{ti),...,Z{tr))T. 

The conjecture includes the assertion that {Z{Ti),... ,Z{Tr))T should al- 
ways be equal to this quantity, no matter what ordered partition of n is 
used to divide T up into blocks, as long as the blocks Ti, . . . , on the di- 
agonal are non-degenerate. Also note that due to the invariance property 
of the Fourier coefficients E'rp{z,0,^) under the action of GL„(Ofc) coming 
from the transformation law, the conjecture also implies that the follow- 
ing invariance property of the arithmetic intersection numbers (jll.6p should 
hold. If r = gT^g for some g G GL„(Ofc), then degZ(r) = deg Z{T'). The 
picture is consistent with what is proved in [46j in the case of degenerate 
intersections of special divisors on Shimura curves and in [75j and [76] in 
the case of degenerate intersections of special divisors on Hilbert modular 
surfaces. 

12. The arithmetic degree in the non-degenerate case 

In this section we prove Theorem 111.81 Recall that there is a decomposition 

(12.1) Z{T) = ]J f (V'«,Vb),ss(2-)_ 

(V«,Vo) 

We use the p-adic uniformization of the special cycle Z^'^^'^°'''^^{T) given in 
Proposition l6.3[ As in [JH], we identify Z{2S°) with a closed formal subscheme 
of AA. By Theorem 5.1 of [38], the length of 2(x°) depends only on T and 
is equal to 

1 " 

(12.2) length(Z(^°)) = fip{T) = - J^p^ (a + 6 + 1 - 21). 

1=0 

Therefore, we have 
(12.3) 

length(f (^"'^o)'-(r)) = ^p(r) • I [(/^(Q) X I^^>{q))\lnCp{T; V\ Vo){¥)]\, 

where the second factor on the right side is the (stack) cardinality of the 
quotient. 
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Recall from Lemma |6. 11 a) and Remark 16.41 that the hermitian space V' = 
HomQ^(£'°, A°) is positive definite and has invariants invp(y') = — invp(y) = 
— 1, and inv^(y) = mv£{V) for I ^ p, where we recall that V = Homfc(Vo, V). 
Let G' = GU(y') and G[ = V(y'), and recall from Lemma EH b) that 
/^(Q) ~ G'i(Q) and /^o(Q) = k^. 



We also recall that, by Theorem 4.5 of [3H], 

(12.4) Z(^°)(F) = V(A)(F), 

is a single point, where A is the unique vertex of level and type 1 ir|§ Vp 
such that A* contains the components of x° and where V(A) is the stratum 
associated to A in M. Recall here from [48j that a vertex of level j and type 
t is a lattice A in Vp such that 

wher^ 

A* = {xGV;\{A,x)cOk,p}, 
t 

and where the notation p^A* C A means that A/p> A* ~ (Ok/pOk) . Also 
note that, if 5 G G'(Qp) with ordpi'^g) = r, then i'{g){gA)* = g{A*) and 
hence gA has level j + r and type t. In particular the group G'{Qp)^ (the 
subgroup of elements with scale factor a p-adic unit) acts on the set of 
lattices of level and type t. The following fact is easily checked, cf. [34J, 
section 7. 

Lemma 12.1. Let Ct he the set of lattices in Vp of level and type t. Then 
G'{Qp)^ acts transitively on Ct- □ 

We fix a lattice A £ Ci and let Kp be its stabilizer in G'(Qp). Note that 
K'p c G'(Qp)0. 

Recall that RP is the stabihzer of the Z^-lattice Rom^ ^^^^ {TP {E°), TP {A°)), 

where we write RP = R^^^p to simplify the notation. Thus, we must com- 
pute the stack cardinality of the quotient of 

(12.5) InCp(r;0,yo)(F)= ]J ]J ]J {pt} 



^Here we are rephrasing the resuh of [48) in terms of Vp. Note that, by Lemma 3.9 in 
[48] ■ the space C, { } coincides with the space Y = Vp but with the hermitian form scaled 
by p, i.e., { , } = p{ , ). Since ordpdetC is if n is odd and 1 if n is even, we have 
invp(y) = —1, as required. 

^In [48] , this relation is expressed in terms of 

p-^A* =A''={x€C\{A,x}c Oup }. 
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by the action of G[{Q) x /^"(Q). Here, the last union runs over the set of 
x° G F'(Q)" such that 

(i) /i'(x°,x°) = T, 

(ii) g-' ox" o 50 e (Homo^^g,(TP(E°), rn^°)))" 

(iii) g> G g'pA*. 

The combination of ()6.2p and (j6.7p determines an isometry y(Aj) ~ y (Aj) 
compatible with the action of /^(Q) on both sides. Define a lattice L' in 
by taking L'p = A* and 

L' 55 Z^' = Homo^^g,(r^'(i?°),rP(yl°)). 

The stabilizer of L' O Z in G'(A/) is -fC = K^i^'^, where K'p = RP under 
the identification of V{A^j) with y(Ap. Note that this latt ice is nearly 
self-dual, i.e., 

(12.6) {L'y/L' ~ Ok/pOk. 

Next observe that 

so that 

G'{Aff/K'^G[{Af)/K[ 
for ir( = i^' n G[{Af). The cosets c/'K^ in G[{Af)/K[ correspond to the 
lattices L" = g'L' in the G'j^-genus of L', via 

L" = V'n{g' -{L'^Z)). 

For any such lattice, L" C V , corresponding to g'K[, we let 

0(T,L") = {xG (L")" I /i'(x,x) = r} 

and 

r{L") = Gmng'K[{g')-'. 
Note that this is a finite group. 

Observe that since the components of any x G $7(T, L") span V , the stabi- 
lizer r(L")x is trivial. This implies that 

[Gi(Q)\n n iiipt}] =iir(L")wz") 

gKP g'pK^ x° l„ 

as orbifold quotients. Thus 

i[^^'i(Q)\n n uipt}]i=Eir(^")r'i^^(^'^")i=rgcn(r,z')- 

This is not yet the cardinality of the stack quotient of (jl2.5p ; we have to take 
into account the role of the cosets 50-^0 ^^'^ action of (Q). Here 50-^0 
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runs over G^'^i^f/Kl ~ cX^hP^) / Kl^^. For any go e GX°{kP) = k\y as 

the lattice L" runs over a set of representatives for the G'^ -genus of L', so 
does the lattice V'qq^ . Note that 



[i''-m\Gf{k))/Ki,] I = -1 • \k\kijd 



h 



k 



Thus, we obtain the following explicit formula for the stack cardinality. 
Lemma 12.2. 

I [(/^(Q) X I^'(Q))\InCp(r;0,Fo)(F)] | = • rgen(T, Z'). 



Note that the right side here depends only on y ~ Homfc(Vo,y) and the 
type of the genus of V^, so that each pair {V^, Vq) with of a given type 
occurring in the decomposition (I12.ip makes the same contribution. Since 
the number of such pairs is 2^~^, this lemma, together with the formulas 
(fT2:2D and (fT23]) . proves Theorem [lL8l 



Part V. Examples 

13. Level structures 

In this section we define variants of our moduli problem M{k;n — r,r), 
and discuss how to extend our main results to these cases. These variants 
actually show up in the examples discussed in the following sections. 

13.1. Special parahoric level structures at ramified primes. For ev- 
ery p I A, we fix an even integer t{p) with < t{p) < n (the type of 
p). We denote by t the function p t{p) on the set of divisors of A. 
We then introduce the following variant Ai{k,t;n — 7-^ 7-)*:naive q£ stack 
M.{k;n — r, r)°'^'™ over (Sch/SpecOfc) of section 2. It parametrizes objects 
{A, L, A) as in the definition of A4{k; n — r, r)^^^'^^, except that the condition 
that the polarization A be principal is replaced by the following condition. 
We require that ker A C ^[A], so that Ofc/(A) acts on ker A. In addition, we 
require that this action factors through the factor ring HpiA^p Ofc/(A), 
and that the height of ker A be equal to HpiA^'**'^^- Note that if t = 0, then 
M.{k, t;n — r, r)*'"*^'™ coincides with M.{k;n — r, r)"*^'™. When k and t are 
understood, we simply write A4{n — r^r)*'^^^^"^ for this stack. 

Then Ai(n — j-^r)*'^^"^ is a Deligne-Mumford stack over SpecOfc which is 
smooth of relative dimension (n — r)r over SpecOfc[A^^], provided it is 



SPECIAL CYCLES ON UNITARY SHIMURA VARIETIES II: GLOBAL THEORY 61 



not empty (this may happen, see below). At the primes p \ A, the stack 
is not flat in general. We define M{n — r,r)* to be the flat closure of 
M{n - r,r)*''^^*^<= XspccOfc SpecOfc[A-i] in M{n - r,r)*''^^'^^ 

Proposition 13.1. Let r = 1 and assume 2 f A. 

(i) If t = 0, then M{k,t;n- 1,1)* = M{k;n- 1,1). 

(a) At all primes p\ A with t{p) = 0, Ai{k,t;n — 1,1)* is Cohen-Macaulay, 
normal, and regular outside finitely many points. Ifn>3, the special fibers 
at such primes p are irreducible, reduced, normal and with isolated rational 
singularities. If n = 2, then A^(fc, t;n— 1,1)* has semi-stable, but non- 
smooth, reduction at such primes. 

(Hi) If n is even, then A^(fc, t;n — 1, 1)* is smooth at all primes p \ A with 
t{p) = n. 

(iv) If n is odd, then M{k,t;n — 1, 1)* is smooth at all primes p \ A with 
t{p) = n — 1. 

Proof. Statement (i) is Pappas' Proposition 12.61 which is [6^, Theorem 4.5, 
and statement (ii) is also contained in loc. cit.; statement (iii) is [B3], §5.c., 
and statement (iv) is [5], Prop. 4.16. □ 

We extend the definition of the special cycles in the obvious way: for a 
hermitian matrix T G Hermm(Ofc), we define the Deligne-Mumford stack 
Z{T)* equipped with a natural morphism to M* = M{n — r,r)* x 
as the stack that parametrizes collections {A, t, X; E, lq, Xq;x.), where x = 
[xi, . . . ,Xm] G Homo^(-E', ^)'" is an m-tuple of homomorphisms such that 
/i'(x,x) =T. 

We expect that with these definitions all results of the previous sections can 
be transposed to these cases. Let us illustrate this by discussing the complex 
uniformization of Ai{k,t;n — r,r)* . 

Definition 13.2. An Ofc-module L equipped with a fc-valued hermitian 
form of signature (n — r,r) is callecf^ of type t if L C C A^^L and 

In particular, an Ofc-module of type t = is a self-dual hermitian O^-module. 
We note that for any Ofc-module of type t, the hermitian space y = L(8)Q is 
relevant. Indeed, to check the existence of a self-dual lattice in V, it suffices 
to check this locally at any inert prime p. But for such p a self-dual lattice 
in Vp is given by L (8) Zp = Zp. We also note that, if 2 | A, lattices of 



Hopefully, there will be no confusion between this notion of type and the type of a 
GY -germs which occurs in earlier sections. 
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type t always exist in a given relevant hermitian space V, except in the case 
when n is even and t{p) = n for some p \ A with invp(y) = —1. Indeed, 
this is a local question at primes p dividing A. Fix a self-dual lattice A in 
Vp. Then, up to conjugacy under the unitary group U(T^), the lattices L in 
Vp with L d <Z 7r~^L such that jL ~ Fp^^ correspond to the totally 
isotropic subspaces of A/vrA of dimension t{p)/2 with respect to the non- 
degenerate symmetric form induced by the hermitian form. Such subspaces 
always exist except in the case when n is even and t{p) = n, in which case 
they exist if and only if mVp{V) = 1. 

Let 

J^(n—r,r)i^j be the set of isomorphism classes of hermitian Ofc-modules 
of signature (n — r, r) and type t. Now the complex uniformization of 
Ai(k,t;n — r,r)* is given by the following analogue of Proposition 13. 1[ 

Proposition 13.3. There is an isomorphism of orbifolds 

M{k,t;n-r,ryiC) ]J [rL\D{L)], 

L 

where L runs over C(^n-r,r)i^i'^)- D 

Remark 13.4. By our remarks above, the set £(„_r,r)(^)'t) is either empty 
or is in bijective correspondence with provided that 2 f A. 

13.2. Level structures at unramified primes. Now we discuss how to 
introduce level structures at unramified primes. 

Definition 13.5. Let be an odd positive integer prime to A. A level 
N -structure on an object (j4, t. A) of 7W(fc;n — r,r){S) is an Ofc-linear iso- 
morphism of finite group schemes 

A[N] ^ {Ok/NOkTs, 

compatible with the hermitian form associated to the Riemann form corre- 
sponding to A on the LHS and the standard hermitian form on the RHS, up 
to a scalar in (Z/NZ)^ . 

Here the standard hermitian form h on (Ok/NOk)^ with values in Ok/NOk 
is given in terms of the canonical basis by h{ei, Cn-j+i) = Sij,yi, j = 1, . . . ,n. 
It induces a similar form on the constant group scheme over S. Note that a 
level A^-structure can only exist if A^ is invertible on S. The compatibility 
condition is independent of the choice of trivialization of the A^-th roots of 
unity needed for the comparison with the standard form. We also note that 
if L is a self-dual Ofc- module, then L/NL is isomorphic to (Ok/NOk)"' with 
the standard form. 

We obtain a Deligne-Mumford stack A/i(fc; n—r, t)(7v) over A4{k; n—r, r)[N~^] 
which parametrizes collections (A, l, A, tj) where is a level A^-structure. It 
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is smooth of relative dimension (n — r)r over SpecOfc[(iVA)~i]. Note that 
if > 3, then, by Serre's Lemma, M{k;n — r, ^'){Ar) is a scheme. 

Remark 13.6. A variant of the preceding definition arises by choosing a 
subgroup K of GU((Ofc/A^Ofc)") , and defining a level ^-structure to be an 
isomorphism between ^[A^] and (Ok/NOk)^, given modulo K. In this way 
we obtain a Deligne-Mumford stack Ai{k;n — r, over Spec Ok[N~^]. 

For instance, if K is the subgroup preserving the standard flag spanned 
by ei, 62, . . . , e„, then a level K-structure corresponds to a complete flag of 
primitive Ofc-submodules in A[A^], which is self-dual for the Riemann form. 

There are adelic variants of these definitions. Let Qat = Y[i\N "^N = 

J^^I^Z^. Then a T{N)-level structure on an object {A,l,X) is a class of 
fc-linear isomorphisms which respect the hermitian forms up to a scalar in 

ri: TN{Ay ^ fc" Qjv, 
given modulo r(A^). Here Tiy{A)° = Y\£\]\j Tg{A)° is the product of the ra- 
tional Tate modules for i \ N, and r(A^) denotes the principal congruence 
subgroup of level of r(l) = GU(0^ Zjv). A level A/'-structure is equiv- 
alent to a r(A^)-level structure rj such that r](TN{A)) = (8) '^n- More 
generally, if K is an open compact subgroup of GU(fc" (gi Qtv), one defines 
the notion of a K-level structure as the datum of r] as above, given modulo 
K. For a subgroup K C GU((Ofc/A^Ofc)") , a level -^-structure is equivalent 
to giving a K-level structure rj with r/(T/v(^)) = (iSi'^n, where K is the 
inverse image of K in r(l). 

The definition of our special cycles can now be extended as follows to the 
cases with level structures. Let Kq C GU(fc(g) Qat) and K C GU(fc"' O Qn) 
he open compact subgroups, with associated moduli stacks A4(fc; 1, 0)ko and 
M.{k;n — r, r)^- Let m be a positive integer, and fix a compact open subset 

w C Homfc(fc® Qtv, fc" Qtv)™ 

stable under the action of Kq x K. Then for T £ Hermm(Ofc[A^^^]), we define 
the stack Z{T, uj) over M(k;n — r, r)^ x A^(fc; 1,0)ko parametrizing the 
collections (A, t, A, ry, E, io, Aq, x), where x G (jiomoj^{E, A)(i^Ok[N~^])^ 
satisfies the following two conditions 

(i) /i'(x,x) = r 

(ii) T] oxo r]Q^ G Lo. 

This definition is analogous to the definition of special cycles adopted in 
our previous papers [391 113 HZ]- Note that if Kq and K are trivial, i.e., 
equal to r(l)o and r(l) resp., so that M.{k;n — r,r)K x 7W(fc;l,0)xg = 
M{k;n - r,r) x M{k; 1,0), and if w = HomOj^(Ofc (g) Zat,©^ Zat)™ and 
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T G Hermm(Ofc)) then the stack Z{T,uj) is equal to the previously defined 
stack Z{T). 

Remark 13.7. Of course, one may also mix the two kinds of level structures 
and define in this way stacks A4(fc, t;n — r, r)|^ over Spec Ofc[A^~^], and 
corresponding special cycles. 

We expect that the results of the previous sections can be extended to the 
moduli stacks A4(fc, t; n — r, For the analogues of Theorems 111.81 and 
111.91 one has to assume that Diffo(T) = {p}, where p \ N \s odd. 

14. The case n = 2 

In this section, we illustrate our general results in the case n = 2. In 
particular, we explain the relation of our special cycles to the Heegner points 
defined in the classic paper of Gross and Zagier, [24]. 

Let 8 be the moduli stack of elliptic curves over SpecZ. For a scheme 5, 
an object E G £(3), and an O^-module M, we obtain an abelian scheme 
M 0z E over S by the Serre construction, [68j. Then M ®i E has a natural 
Ofc-action, and the dual abelian scheme is given by 

where = Hom2(M, Z) with its natural Ofc-action. If we take a fractional 
ideal M = a, then the abelian scheme a C^Dz E has relative dimension 2 over 
S and the Ofc-action satisfies the (1, l)-signature condition 

char(r,/,(a) I Lievl) =T2-tr(a)T-hiV(a) G Z[r], a G Ofc. 

Note that there is an Ofc-antilinear isomorphism 

d-^a^a^, a^iV(a)~i(-,a)fc, 

where {x,y)k = tr(xy°") is the trace form of k/Q, and d^^ is the inverse 
different. The canonical principal polarization Xe '■ E — > E'^ gives a polar- 
ization 

X:a(S)E^a(S)E'^ — > d'^a ~ 

where middle arrow is induced by the inclusion a C d^^a, and hence has 
degree |A|. Thus, we obtain a functor 

(14.1) j^:£ ^M''P\l,iy, E^ {a^zE,L,X). 

where A4^^^{1, 1)* is a moduli stack that we now explain. 

Let 1)* be the moduli stack over SpecZ for triples {A,i,X)/S, where 

A is an abelian scheme over S, l is an action of Ofc on A satisfying the (1, 1)- 
signature condition, and A : A — > A'^ is a polarization with corresponding 
Rosati involution satisfying i{a)* = i{a^). Finally, we require that ker(A) = 
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A[d]. If A = N{d) is odd, tliis moduli problem was introduced in the 
previous section, and corresponds to the function t{p) = 2, for all p | A. 
Since the polarization A is principal away from A, there is a decomposition 

V 

where V runs over isomorphism classes 7^(i^i) (fc) of relevant hermitian spaces. 
These can be described as follows. For a quaternion algebra B/Q with an 
embedding k ^ B, write B = k® B-, where B- is the set of 6 G -B such 
that ba = a'^b for all o G fc. The space V = = B, viewed as a left vector 
space over fc, has a hermitian form {x, y) = (xy')-(-, where b ¥ is the main 
involution of B, and where for x G 5, we denote by a;+ G fc its component 
in the above direct sum decomposition. Let D{B) be the product of the 
primes p for which B (8)q Qp is a division algebra. 

Lemma 14.1. 

7^(l ^)(fc) = { [V^] I B indefinite, D{B) \ A }. 

□ 

Note that the quaternion algebra M2(Q) always occurs here and that V^^^ := 
yM2(Q) ^Yie split hermitian space. We write 

When 2 | A and we work over SpecOfc[^], the 'type' of the hermitian form 
on the 2-adic Tate module T2(A) gives a finer decomposition. Let vr be a 
uniformizer of Ofc,2, and note that T2{A) is then a 7r'-modular lattice for 
i = ord2(A), in the sense of the lemma below. When 2 is ramified, the 
isometry types of such lattices are given as follows. 

Lemma 14.2. Let L be an Ok,2-1'Cittice of rank 2 that is tt^ -modular, i.e., 

= 7r~*L as lattices in V2 = L Q2, where i = ord2(A). 
(a) Suppose that V2 is isotropic. Then representatives for the isometry types 
of tt' -modular lattices are given by 




for i = 2, and 
for i = 3. 

(h) Suppose that V2 is anisotropic. Then representatives for the isometry 
types of TT^ -modular lattices are given by 
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for i = 2, and 
for i = 3. 

Remark 14.3. We will refer to the first of the two lattices in each line of the 
lists in case (a) as 'type 11' lattices. 

It is easily checked that, for p \ A with p ^ 2, and vTp a uniformizer of Ofc^p, 
there is a unique isometry class of TTp-modular hermitian lattices of rank 2. 

We denote by 7^(i i)(fc)* the isomorphism classes of pairs V* = {V, [[L]]), 
where ^ is a relevant hermitian space and [[L]] is a (jr]^(Aj)-genus of d- 
modular lattices in V. By the previous lemma, the map from 7^(^^^)(fc)* to 
^(1,1) (^) has fibers of cardinality 1 or 2. The latter occurs precisely when 
2 I A and for those V = where B is split at 2. 

Then there is a decomposition 

-M(i,ir[^] = ll-M^*(i,ir[^], 

V* 

where V* runs over TZ^i i-^{k)* . Here (1,1)*[^] is the open and closed 
substack where the 2-adic Tate module is of the type determined by V* . 

Proposition 14.4. (i) The morphism ja of ^JjJ^ image contained in 
A^^P1(1,1)*. 

(a) /f 2 I A, the morphisms ja induce an isomorphism 
[a]eC(fc) [a]GC(fc) 

(Hi) If 2 \ A, then, over SpecOfc[^], the morphisms ja induce an isomor- 
phism 

n ia: n ^[^] ^^^"''"(I'lrt^l- 
lajGCCfc) [a]eC(fc) 

where M^^^' ^^(1, denotes the locus in A^'^p^(1, where the 2-adic 

Tate module has type II. 

Proof. Part (i) follows from the fact that for the rational Tate module we 
have TP{a'E)Ef ~ k<E)QTP{E)° ~ M2(A^). 

(ii) Each morphism ja is proper, as one checks easily using the valuative 
criterion for properness. Also, ja is a bijective map onto its image, in the 
stack sense. Indeed, for a pair E, E' of elliptic curves over a base scheme 
S, any isomorphism a — > a E induces an isomorphism E — > E', 
after choosing a Z-basis of a, which allows us to identify a0 E with E x E, 
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and a(g) E' with E' x E'. By Proposition [JSU (iii), the stack A^"p'(1,1)* 
is regular; hence we may apply Zariski's Main theorem, and the morphism 
ja induces an isomorphism of £ with a union of connected components of 

When 2 | A, over SpecOfc[^], a simple calculation of the hermitian form on 
T2{ja{E)) — a ®z T2{E) shows that this hermitian lattice has type II and 
hence the image of jai£[^]) lies in M^'P^'^^il, 

Since £ is connected, to prove the isomorphism in (ii), it suffices to prove 
that 7ro{M''P\l,l)*) ~ C(fc), or also, since M^'P^l,!)* is regular, that 
7ro(A^^P^(l, 1)1^) ~ C(fc). This follows from Proposition 14.41 and (|4.5p . where 
we note that i^(if) = Z and that the image of K in first factor of T{Af) ~ 
^Af ^ '^Af i^ image U of under the map u uu^^. Also note that 
this last map induces an isomorphism C(fc) = k^\k^^/0^ ~ k^\k^^/U. 

The proof of (iii) is similar and omitted. □ 

Now we turn to the special cycles. To lighten notation, we now denote by 
£ (resp. A^'^P'(1, 1)*) the base change from SpecZ to SpecOfc, and write 

M* =7W"Pi(l,l)* X Mo, 

where the fiber product is taken over SpecOfc. For a positive integer m, we 
define the special cycle 

Z*{m) — > M* 

as the stack of collections {A, l, A, Eq, lq, Aq; x) where {A, t. A) is a object of 
M'^\l,l)*iS), {Eo,Lo,\o) is an object ofA^o(S), and 

X G Roms{{Eo,Lo),{A,i)) 

is an Ofc-linear quasi-homomorphism such that 

X* = Xq^ ox"^ o Xe Homs((^, i), {Eo, to)) 

is a homomorphisnQ with h{x, x) = x* o x = Xq^ o x^ o X o x = m. 

We want to determine the pullback of Z*{m) under x 1, i.e., the fiber 
product 

(jaXl)*Z*(m) — > Z*{m) 

i i 
£ X Mo — > M*. 
Let T{m) be the stack for which the objects olT[m)[S) are triples {E, E' , ip), 
where E and E' are elliptic schemes over S and ip : E ^ E' is an m-isogeny. 

^^In the case of a principal polarization, the integrality of x* is equivalent to the 
integrality of x. In general, x need not be integral, so that we are slightly extending the 
earlier definition of section 1131 
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Let s : T{m) E (resp. t : T{m) — > 8) be the morphism defined by sending 
{E,E',ip) to E (resp. E'). Consider the fiber product 

i i is,t) 

£ xMo £ x£. 

where zq : A^o £ is the morphism that sends {Eq, lq) to Eq and ia = «o 
where ta : A^o ^ -^o sends £"0 to o""*^ Eq. 

Proposition 14.5. There is a natural isomorphism 

{ja X iyZ*{m) ^ T{m)A,a 

over £ x Mq. 

Proof. An object of (jq x l)*Z*{m){S) is a cohection (£', Eq, lq, Xq;x) where 
X : Eq — > af^izE is an O^-hnear quasi-homomorphism with x* integral and 
with h{x, x) = X* o X = m. Here x* = Ag ^ o o A : a (8>z E Eq. Let 
Xg : — > ®Oj^ Eq be the image of x* under the natural isomorphism 

(14.2) HomOj^(a ®z E, Eq) Homz(£, a"^ <S)o^ Eq) 

arising from the Serre construction. On the other hand, an object of T{m)A.,a{S) 
is a collection {E, Eq, lq, XQ;yQ) where uq : E ^ Eq is an isogeny 

of degree m. The proposition is then an immediate consequence of the 
following result. 

Lemma 14.6. // y G HomOfc(a ®i E, Eq) and vq G Yioiai{E, 0"^ ®Oy, Eq) 
correspond under {14-^ , then h{y, y) = y o y* = deg(yo). 

Proof. For an isogeny yQ G Homz(-E,o^^ (^o^ ^o); the corresponding y G 
HomOfc(a (giz E, Eq) is given by 

(14.3) y -.a^zE^-^ aCSz (o"^ ®Ofc ^0) Eq, 

where the second map arises by multiplication a (6 (8> x) 1— > a6 • x. To 
compute the desired relation between degyo and h{y, y) = yoy* , we can pass 
to the rational Tate modules at a prime i different from the characteristic. 
On the rational Tate modules Vi{E), Vi{a~^ '^o^ Eq) and V£{Eq), there are 
nondegenerate Q^-valued alternating forms ce, Cq-i^^ and induced 
by the canonical principal polarizations and a fixed trivialization Q^(l) — 
Ql. The pullback of e^-i^^^^o under the isomorphism 

yo/ : Ve{E) ^ Ve{a-^ Eq) 
is deg(yo) ■ ^E, while the pullback of under the isomorphism 
ia,e ■■ Ve{a-^ (S)o„ Eq) ~ fc®fc y^(Eo) - V^Eq) 
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is A^(o) ^ • Similarly, setting A = a^zE, the non-degenerate Q^- 

valued alternating pairing on Ve{A) = Ve{a ®i E) ~ fc(giQ Vi{E) determined 
by the polarization A = A^?! is given by 

eA{a ® z,d ® z') = N{aY^ (a, o')fc 6^(2:, z'). 

From ()14.3p . we have 

(*) 

(14.4) yi:k®Q Vt{E) ^ y,(^o) © VtiE^) ^K^o), 

a®z^ {a- iai o yo/{z),a • i^^i o yo/{z)) ^ a • i^/ o yo/(^)- 
A short calculation shows that the pullback of the diagonal form ceq ® geq 
on the middle term under the isomorphism (*) is degj/o ' If we identify 
Ve{A) and Ve{EQ) © Ve{Eo) via (★), then y| = degyo • inci, where inci is the 
inclusion of Vi{Eo) into the first factor and the adjoint y| is defined with 
respect to ea- Hence y o y* is multiplication by degyo and the lemma is 
proved. □ 

This completes the proof of Proposition 114. 5[ □ 



For comparison with the classical theory, we add a little more level. We fix 
a positive integer N and work over SpecZ[A'^~^]. Let £o{N) be the moduli 
stack over SpecZ[A^^"'^] for pairs of elliptic curves {E,E',(f)) with a cyclic 
A^-isogeny (p. Again applying the Serre construction, we obtain a morphism 

3.,N:£o{N)^M'^\hlUN), 

where 7W^p'(1, l)o(A^) is the following moduli stack. For a locally noetherian 
base 5, an object in M''^\l,l)l{N){S) is a collection (^,^';</>) where ^ = 
{A, LA, \a) and ^' = {A', la'Aa') are objects in A^"Pi(l, 1)*(S'), and (/> : ^ ^ 
A' is an isogeny such that locally in the fppf topology, ker((/)) ~ {Ok/NOk)s- 

As before we tacitly effect a base change from SpecZ[A^^^] to Spec Ofc[A^^-'^], 
and write 

=7W"P'(1,1)S(A^) X Mo- 
We define the special cycle Z**{m) Ai** as the stack of collections 
{CyC\4''iEo,Lo,Xo;x), where x : £"0 — > ^ is a quasi-homomorphism with 
X* integral, etc. just as before, but with the additional requirement that, 
fppf locally, 2;*(ker((/))) is isomorphic to (Z/N'Ii)s- 

To describe the pullback (ja,Ar x l)*(Z**(m)) over £:o(A^) x A^o, let T(m)o(A^) 
be the stack whose objects over S are collections {E^E\(j),E'\ip), where 
{E,E',cj}) is an object of £o{N) and il) : E ^ E" is an isogeny of de- 
gree m such that the intersection ker^ip) n kei{(p) is trivial. There are 
again source and target morphisms to £o{N), where the target is the object 
{E" , E" /%lj{keT (p) , (/)') with cp' the quotient map. 
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Finally, as in [^?], we make the assumption that all primes dividing N split 
in k and choose an integral ideal n with A^(n) = A^. There is a resulting 
morphism 

io,n ■■ Mo £o{N), Eo ^ {Eq ^ ^o/^oM), 
and its twist i^^n = io,n ° ^o- 

Proposition 14.7. There is a natural isomorphism 

{ja,N X inz**{m)) ^ Y[T{mUN)A,a,n, 

n 

over £o{N) x Aio, where 

T(m)o(iV)A,a,n T{m)o{N) 

i i M 

£o{N)xMo £o{N)x£o{N), 
is the fiber product. □ 

This proposition can be interpreted as follows. First suppose that m = 1. 
Then, over a base S on which N is invertible, an object of '?'(l)o(A^)A,a,n('S') 

is a collection (E — ^ E',Eq,iP), where {E — ^ E') is an object of £q{N){S) 
and tp is an isomorphism 

E') ^ (a-i ®Ofc Eo CSo^ ^0/(0"' ^o^ ^o)[n]). 

Hence, T(l)o(iV)A, a^n can be viewed as the graph of the morphism of stacks 
ia,n ■■ Mo — > £o{N), 

Eo ^ (0-^ ®Ofc ^0 ®Ofc Eo/{a-^ ^o)H) 

Passing to the coarse moduli schemes, for each a and n, we have a morphism 

Vn:Spec(OH[A^-^]) ^ go(iV) 

where Oh is the ring of integers in H, the Hilbert class field of k. Finally, 
passing to the generic fiber, we recover the Heegner points in Xo{N){H) as 
in [24], p. 227. There are 2'^ hk of them as a varies over C{k) and n varies over 
the 'primitive' ideals of norm N. Similarly, for any m > 1, this construction, 
starting from '?'(m)o(A^)A,o,n) yields the image of the Heegner points under 
the mth Hecke operator. 

So far we have discussed the case B = M2(Q). Now suppose that B is an 
indefinite division quaternion algebra with a maximal order Ob and with 
D{B) I |A|. Fix an embedding Ok Ob- Let be the Drinfeld stack 
over SpecZ parametrizing two dimensional abelian schemes with a special 
Ofi-action, cf. f^. Choose an element ^ ^ Ob with = —D{B), [9], and 
define the involution h ^ b' := S,b'^S,^^ where 6 1-^ 6'' is the main involution 
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tip) 



of B. Given an object {A,lb) of M-^{S), there is a unique principal po- 
larization of A for which the Rosati involution induces the involution ' 
on Ob, [9], Prop. (3.3), p. 134. Since the element \/AC^^ G Ob is invariant 
under the composition A := Aa o t_B(\/AC~^) is a polarization of A whose 
Rosati involution * satisfies t(a)* = i-ia'^) for all a S Ok. Here we have 
written l for the restriction of to Ok. Then the collection (^4, i, A) is an 
object of the moduli space A^(l, l)^)^^) which parametrizes two dimensional 
abelian schemes with Ofc-action of signature (1, 1) and polarization A of de- 
gree \A\/D{B). If A is odd, A4{1, l)^(^) coincides with the moduli problem 
7W(t; 1, 1)* defined in the previous section where 

'2 iip\ A, p\ D{B), 
iip\ A, p\ D{B). 
Thus we obtain a morphism : A4^ -^^(1, twists 

jf : M"" ^ Mil, if = a^o^f, 

for any fractional ideal o. When A is odd, these give an isomorphism 
(14.5) U M"" ^M'^il,!)},^^^, 

[a]eC{k) 

where V = , generalizing that in (ii) of Proposition 114.41 where B = 
M2{Q). As in the case of a split quaternion algebra, we can now pull back 
Z*im) to M.^ X A^O; via x 1. This parametrizes tuples [A, lb, Eq, lq, x) 
where x £ Homo^(i?0; '^'^Oj^^)'^Q is such that x* is integral with x*ox = m. 
Of course, here the adjoint x* is formed using the canonical polarization A 
of a (8>Ojij ^ constructed above. And we may add level structures as in the 
case of the split quaternion algebra. 

We end this section by explaining the relations among the 7W(t;l,l)* for 
varying t. 

Proposition 14.8. Suppose that t is given and that tip) = for some prime 
p ^ 2 with p I A. Define t' by t'ip') = tip') for p ^ p' and t'ip) = 2. Then 
there exists an etale Galois covering of degree 2 

A^(t;l,l)*'P^A^(t;l,l)*, 

equipped with a proper morphism 

A^(t;l,l)*'f ^A^(t';l,l)*, 

which is finite of degree p + 1 outside the fibers over p and which contracts 
some lines in the special fiber of M it; 1, 1)*'P atp, (cf. Remark 114.91 below). 



Proof Let 7W(t; 1, 1)*'^ be the stack of objects ^ = (A, la, Xa) of 7W(t; 1, 1)*, 
together with an abelian scheme A' with Ofc-action of signature (1, 1) and a 
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Ofc-linear isogeny /x : A' — ^ A of degree p such that the pullback polarization 
Xa' = has kernel contained in A'[\/A]. The morphism ip maps 

an object {A, la, Xa-, fj) to {A',la',Xa') is obviously proper. Let us 
determine the fiber of Ai{t; 1, over a geometric point ^ = (A, la, Xa) G 
A^(t; 1, l)*(fe). If charfc / p, then : A' — > ^4 is given by the p-adic 
Tate module of A' which is an Ofc^-stable submodule A of Tp{A) such that 
A C Tp{A) c A^ = TT-^A, where TT is a uniformizer in kp. However, the 
hcrmitian form Ha on Tp(A) arising from the polarization induces a non- 
degenerate Fp-valued symmetric form on 'K~^Tp(A)/Tp{A). The set of A as 
above corresponds in a one-to-one way to the set of isotropic lines in this 
two-dimensional Fp- vector space, via A i— A"^ /Tp{A). Since p ^2, there are 
precisely two such lines. If char k = p, we use Dieudonne modules instead of 
Tate modules. The Dieudonne module of A is a module M over Okp'^W{k), 
and n'^M/M is equipped with a non-degenerate fc-valued symmetric form. 
Then fi : A' — ^ A is given by the Dieudonne module A of A' which is 
a Ofcj, <8) l^(A;)-submodule with A C M C A^ = vr^^A. Just as before A 
corresponds to one of the two isotropic lines in 7r~^M/M. 

Now let us determine the fiber of (p over a geometric point (A',ia',Xa') € 
M{t';l,l)* (k). If char A; ^ p, then the points in the fiber correspond 
to the Ofcp-lattices L in the rational Tate module Vp{A') with Tp(A') C 
L C Tp{A'Y = T^~^Tp{A') (these are automatically self-dual). Hence there 
are p -|- 1 of them. If char k = p. then the points in the fiber corre- 
spond to Ofcp-stable Dieudonne lattices M in the rational Dieudonne mod- 
ule of A', containing the Dieudonne module M(A') of A', with M(A') C 
M C M{A'y = ■K~^M{A'). Now there are two cases. First suppose that 
F{Tr-^M{A')) / M{A'), or equivalently, V {7r-^M{A')) M{A'). Then 
either F(Tr-^M{A')) C M, or V{tt-^M{A')) C M, and M is uniquely de- 
termined as M = M{A') + F{7r'^M{A')) or M = M{A') + V{7r-^ M{A')), 
respectively. Hence in this case there is a unique point in the fiber. Next 
suppose that F {tt''^ M {A')) = M{A') = V {tt''^ M {A')) . Then there are no 
constraints on M and M corresponds to an arbitrary point in the projective 
line P(7r-^M(A')/M(A')). 



Remark 14.9. Note that the points ^ G A^(t'; 1, l)*{k) with a fiber of posi- 
tive dimension have a Dieudonne module M{A') satisfying F(^'k~^ M{A')^ = 
M{A') = V{Tr-^M{A')). Let ^ lie in the component M^{t'; 1, l)*{k). Then 
this condition signifies that ^ is supersingular if iiWp{Vp) = 1 (resp. is su- 
perspecial in the sense of Drinfeld if mvp{Vp) = —1). 
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By Proposition 113. H M{t; 1, 1)* and M{t'; 1, 1)* are regular; then by EGA 
IV, 18.10.16, M{t;l,l)*'P — > M{t;l,l)* is an etale Galois covering; fur- 
thermore, (f is the composition of a blow-up morphism and a finite mor- 
phism. □ 

More generally, for given t, let S C {p \ p ^ 2,p \ A,t{p) = 0}, and define 
t'^ by t'g{p) = t{p) for p ^ 5 and t'g{p) = 2 for p G 5. Then there exists an 
etale Galois covering M{t; 1, 1)*-^ of A4(t; 1, 1)* with Galois group (Z/2Z)'^ 
and a morphism 

which is finite over SpecZ\5', and contracts lines in the fibers of A^(t; 1, 1)*''^ 
over primes p £ S. 

15. Images of period maps 

Our aim in this section is to connect some of the "hidden" period maps of 
[H m [SH [55l IMl EZ] to our moduli spaces and identify the complements of 
their images with our special divisors. Most of this theory is taking place 
over C; in order to make this section more accessible for complex-algebraic 
geometers, we have repeated here some of the theory and notation of the 
previous sections. 

15.1. Moduli spaces of Picard type. Let k = Q(\/A) be an imaginary- 
quadratic field with discriminant A, with a fixed complex embedding r. Let 
n > 1 and < r < n. 

In the previous sections we considered the groupoid Ai = M.{n — r,r) = 
M.{k;n — r,r) fibered over (Sch/Ofc) which associates to an Ofc-scheme S 
the groupoid of triples {A, l, A). Here A is an abelian scheme over 5 and A 
is a principal polarization and l : Ok End(A) is a homomorphism such 
that 

L{a)* = tia") , 

for the Rosati involution * corresponding to A, where a i— > a'^ denotes the 
non-trivial automorphism of Ok. In addition, the following condition was 
imposed 

(15.1) char(r, L{a) \ Lie A) = {T - a)""^ • (T - a^Y , a e Ok ■ 

In this section, we will mostly consider the complex fiber Aic = Mx Spcc Oj^,t 
SpecC ofA4. In any case, is a Deligne-Mumford stack and A^c is smooth. 

We will also have to consider the following variant, defined by modifying 
the requirement above that the polarization A be principal. Let d > 1 
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be a square free divisor of |A|. Then M{k,d;n — r,r)* = M{k;n — r,r)* 
parametrizes triples {A, t, A) as in the case oi A4{k;n — r,r), except that we 
impose the fohowing condition on A. We require first of all that ker A C A[d], 
so that Ok/{d) acts on ker A. In addition, we require that this action factor 
through the factor ring Hpld^p Ok/{d), and that A be of degree if n 
is odd, resp. d""^ if n is even. In the notation introduced in section [T3l we 
have A4{k, d;n — r, r)* = Ai{k,t;n — r, t-)*'"^^!™^ where the function t on the 
set of primes p with p \ A assigns to p the integer 2[(n — l)/2] ii p \ d, and 
if p I d. Note that if k is the Gaussian field k = Q(\/— 1), then necessarily 
d = 2; if is the Eisenstein field k = Q(V— 3), then d = 3. 

15.2. Complex uniformization. Let us recall from section [3] the complex 
uniformization in the special case that k has class number one. Let n > 2. 
Let {V,{, )) be a hermitian vector space over fc of signature (n — 1, 1) which 
contains a self-dual Ofc-lattice L. By the class number hypothesis, V is 
unique up to isomorphism. When n is odd or when n is even and A is odd, 
the lattice L is also unique up to isomorphism. We assume in the rest of 
this section that one of these conditions is satisfied. Let be the space of 
negative lines in the C-vector space (Mr;Io)) where the complex structure Iq 
is defined in terms of the discriminant of fc, as Iq = \/A/|\/A|. Let F be the 
isometry group of L. Then the complex uniformization is the isomorphism 
of orbifolds, 

M{k;n -1,1){C) ~ [r\V]. 
There is an obvious *-variant of this uniformization, which gives 

7W(fc;n- 1,1)*(C) ~ [T*\V], 

where T* is the automorphism group of the (parahoric) lattice L* corre- 
sponding to the *-moduli problem (which is uniquely determined up to iso- 
morphism by the condition that there is a chain of inclusions of Ofc-lattices 
L* C {L*y C {Vd)~^L*, with quotient {L*Y /L* of dimension n - 1 if n is 
odd and n — 2 if n is even, when localized at any prime ideal p dividing d). 

15.3. Special cycles (KM-cycles). We continue to assume that the class 
number of fc is one, and recall the definition of special cycles over C. Let 
{E, lq) be an elliptic curve with CM by Ofc over C, which we fix in what 
follows. Note that (due to our class number hypothesis) {E, lq) is unique up 
to isomorphism. We denote its canonical principal polarization by Aq. For 
any C-scheme 5, and (^, A) G M.{k; n — 1, 1)(5'), let 

V'{A,E) = mmo^{Es,A) . 

On V'{A,E) there is the following positive hermitian form given by 

h'{x, y) = Aq 1 o o A o a; G Endo^iEs) = Ok • 
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For a positive integer t, we define the DM-staclo 

Z{t) = {{A, i,X;x)\xe V'{A, E),h'{x, x) = t] . 

Then Z{t) maps by a finite unramified morphism to A4(fc; n — 1, l)c and is 
a divisor in the sense that locahy for the etale topology it is defined by a 
non-zero equation. 

Just as the moduh space A^(fc; n — 1, 1), so also the cycles Z[t) admit a com- 
plex uniformization. More precisely, under the assumption of the triviality 
of the class group of fc, we have 



x<^L 
h{x,x)=t 



where is the set of lines in D which are perpendicular to x. 

Again, there is a *-variant of these definitions, which define a DM-Stack 
Z{t)* above M{k;n - l,!)^. 



15.4. Cubic surfaces. We now consider four hidden period mappings. We 
start with the case of cubic surfaces, following Allcock, Carlson, Toledo 
p], comp. also [6]. In these sources, the results are formulated in terms 
of arithmetic ball quotients; here we use the complex unifomization of the 
previous two subsections to express these results in terms of moduli spaces 
of Picard type. 

Let 5 C be a smooth cubic surface. Let y be a cyclic covering of degree 
3 of P^, ramified along S. Explicitly, if S is defined by the homogeneous 
equation of degree 3 in 4 variables 

F(Xo,...,X3) = , 

then V is defined by the homogeneous equation of degree 3 in 5 variables, 

Xi-F{Xo,...,Xs) = . 

There is an obvious /Us-action on V. Let k = Q(C3)- Then Ok = ^[Cs], and 
this Z-algebra acts on H^{V, Z). Denoting by a the generator of /is we have 
for the (alternating) cup product pairing ( , ), 

{ax, ay) = {x,y), 

which implies 

{ax,y) = {x,a"y), a G Ok- 

1 9 

This notation differs from that in the previous sections, in that here the special cycles 
are defined over C, and are considered as lying over A1(fc; n — 1, l)c. 



76 



STEPHEN KUDLA AND MICHAEL RAPOPORT 



Hence there is a unique hermitian form h such that 

(15.2) {x,y)=tT{-^hix,y)), 

V A 

where the discriminant A of fc is equal to —3 in the case at hand. Namely, 

(15.3) h{x,y) = ^{{./Ax,y) + {x,y)^). 

Furthermore, a Ofc-lattice is self-dual wrt ( , ) if and only if it is self-dual 
wrt h{ , ). 

Fact: H'^(y,Z,) is a self-dual hermitian Ok-module of signature (4,1) [and 
this characterizes it up to isomorphism]. 

Let 

A = A{V) = H^{V,Z)\H\V,C)/H^'HV) 
be the intermediate Jacobian of V. Then A is an abelian variety of dimen- 
sion 5 which is principally polarized by the intersection form. Since the 
association V ^ {A{V),X) is functorial, we obtain an action l of Ok on 
A{V). 

Theorem 15.1. (i) The object {A,i,X) lies in M{k;A,l){C). 

(a) This is compatible with families, in the sense that by varying S we obtain 
a morphism of DM-stacks, 

(f : Cubics2^fc M{k;4, l)c . 

Here Cubics2 c denotes the stack parametrizing smooth cubic surfaces up to 
projective equivalence, 

Cubicslc = [PSym3(C^)7PGL4] 
[stack quotient in the orbifold sense]. 

(Hi) The morphism ip is an open embedding. Its image is the complement 
of the image of the KM-cycle Z{1) in ^A{'k] 4, l)c. 

Proof. We only comment on the assertions in (ii) and (iii). In (ii), the com- 
patibility with families is always true of Griffiths' intermediate jacobians 
(which however are abelian varieties only when the Hodge structure is of 
type (m + 1, m) + (m, m + 1)). This constructs (/? as a complex-analytic mor- 
phism. The algebraicity of then follows from Borel's theorem that any 
analytic family of abelian varieties over a C-scheme is automatically alge- 
braic [7]. That one obtains an isomorphism of DM-stacks between Cubics^ c 
and M{k; 4, l)c\Z{l), is proved in [T], Thm. 2. 20. The fact that the image 
is contained in the complement of ^(1) is true because by the Clemens- 
Griffiths theory, intermediate Jacobians of cubic threefolds are simple as 
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polarized abelian varieties (over the polarized abelian varieties split off 
an elliptic curve). However, the fact that 2(1) makes up the whole comple- 
ment is surprising and results from the fact that the morphism ip extends to 
an isomorphism from a partial compactification Cubics2^c of Cubics^^^ (ob- 
tained by adding stable cubics) to A4(fc;4, l)c, such that the complement 
of Cubics2£ in Cubics^ is an irreducible divisor, cf. [6], Prop. 6.7, Prop. 
8.2. ' ' □ 



15.5. Cubic threefolds. Our next example concerns cubic threefolds, fol- 
lowing Allcock, Carlson, Toledo [2] and Looijenga, Swierstra |54j . 

Let T C be a cubic threefold. Let V be the cyclic covering of degree 3 of 
P^, ramified in T. Then V is a cubic hypersurface in P^ and we define the 
primitive cohomology as 

(15.4) L = H^{V, Z) = {x£ H^{V, Z) | {x, r/) = 0} , 

where rj is the square of the hyperplane section class. Again, with k = Q(C3)) 
L becomes an O^- module. Now the cup-product ( , ) on H'^(V,Ij) (which is 
a perfect symmetric pairing satisfying {ax, y) = {x, a'^y) for a € Ofc) induces 
on L a pairing ( , ) of discriminant 3, and rk^L = 22. We wish to define an 
alternating pairing ( , ) on L satisfying {ax, y) = (x, a'^y) for a £ Ofc. We do 
this by giving the associated hermitian pairing h{ , ), in the sense of (jl5.2p . 
Namely we set 

(15.5) /i(x,y) = ^((x,y) + (x,^/Ay)-^) 

(here the factor 3/2 is used instead of 1/2 to have better integrality proper- 
ties). 

Fact: For the pairing ()15.5p . contains {\fK)^^L with /{\J~K)^^L ~ 
TLj'i'L (see [2|, Thm. 2.6 and its proof, cf. also [54j, the passage below (2.1)). 

Now consider the eigenspace decomposition of H'^iy, C) under fc<8)C = C©C. 

Fact: The Hodge structure of Hq{V,'R) is of type 

H^{V, C) = H^'^ © Hq'^ © H^'^ , 

with dimi?^'^ = dimff^'^ = 1. Furthermore, the eigenspaces of the genera- 
tor a of 0,1^^ 

H^{V, C)^ = {H^'\ © H^'^ , with dim{H^'\ = 10 , 
see [2], §2, resp. [54j §4. 
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Now set A = ttL^, where tt = ^fK. Then we have the chain of inclusions of 
Ofc-lattices 

A C A"^ C vr-^ , 

where the quotient A^/A is isomorphic to (Z/3Z)-^°, and where 7r~^A/A^ is 
isomorphic to Z/3Z. Let 

A = K\Hl{VX)lH- , 

where 

Note that the map A — > Hq{V, C)/H^ is an O^-hnear injection, hence A is a 
complex torus. In fact, the hermitian form h and its associated alternating 
form ( , ) define a polarization A on A. Hence A is an abelian variety of 
dimension 11, with an action of Ok and a polarization of degree 3^'^. In fact, 
we obtain in this way an object {A, i, A) of M.{k; 10, 1)*(C) (see subsection 
115.11 for the definition of the *- variants of our moduli stacks) . 

Theorem 15.2. (i)The construction which associates to a smooth cubic T 
m P*^ the object {A,i,X) o/ A4(fc; 10, 1)*(C) is compatible with families and 
defines a morphism of DM-stacks, 

if : Cubicsl c ^ Mik; 10,1)1 . 

(a) The morphism if is an open embedding. Its image is the complement of 
the image of the KM-cycle Z{3)* in M{k; 10, 1)^. 

Proof. Again, we only give a few remarks. The compatibility with families is 
due to the fact that the eigenspaces for the ^3-action and the Hodge filtration 
both vary in a holomorphic way. The point (ii) is [2j, Thm. 1.1, resp. 
|54j . Thm. 3.1, except that the stack aspect is neglected in these sources. 
However, the fact that we have an open immersion of DM-stacks follows 
easily from the fact that the automorphism group of a cubic fourfold maps 
bijectively to the automorphism group of i?^ (with its additional structure). 
Indeed, this fact implies that any element in the stabilizer group of a point in 
lm{ip) acts on the corresponding cubic fourfold, compatibly with the action 
of on it. Hence it induces an automorphism of the ramification locus, 
which is identified with the cubic threefold corresponding to the preimage 
of the point under the period morphismF^ □ 

Remark 15.3. The construction of the rational Hodge structure H^{A,Q) 
from Hq{V,Q) is a very special case of a general construction due to van 
Geemen [20]. More precisely, it arises (up to Tate twist) as the inverse half- 
twist in the sense of loc. cit. of the Hodge structure Hq{V, Q) with complex 



This argument is due to Looijenga. 
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multiplication by k. The half twist construction attaches to a rational Hodge 
structure V of weight w with complex multiplication by a CM-field k a 
rational Hodge structure of weight w + l. More precisely, if S is a fixed half 
system of complex embeddings of k, then van Geemen defines a new Hodge 
structure on V by setting 

''new — ^J] ^ S ' 

where Vy;, resp. denotes the sum of the eigenspaces for the fc-action 
corresponding to the complex embeddings in S, resp. in S. 

15.6. Curves of genus three. Our third example concerns the moduli 
space of curves of genus 3 following Kondo |56j . 

Let C be a non-hyperelliptic smooth projective curve of genus 3. The canon- 
ical system embeds C as a quartic curve in P^. Let X be the /i4-covering 
of ramified in C. Then X{C) is a Er3-surface, with an action of fi^ (a 
quartic in P^). Let 

L = {xe H^{X{C),Z) I a^{x) = -x} . 

Here a denotes the generator of /U4. Let k = be the Gaussian field. 

Fact: L is a free Z-module of rank 14. The restriction ( , ) of the symmetric 
cup product pairing to L has discriminant 2^; more precisely, for the dual 
lattice L* for the symmetric pairing, 

L*/L ^ {Z/2f , 

see [56J, top of p. 222. 

Now consider the eigenspace decomposition of Lq = L ® C under fc C = 
C©C. 

Fact: The induced Hodge structure on Lq is of type 

Lc = © H^'^ © , 
with dimH^'^ = dimff^'^ = 1. Furthermore the eigenspaces of a are 
{Lc)i = H^'^ © , with dim{H^'% = 6 

(Lc)-i = iH^'^)-i © H^'^ , with dim{H^'^)_i = 6 . 

We define a hermitian pairing h by setting 

(15.6) h{x, y) = (x, y) + (x, ay) i . 

Then it is easy to see that the dual lattice of L for the hermitian form h 
is the same as the dual lattice L* for the symmetric form. 
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Now set A = ttL^, where tt = 1 + i. Then we obtain a chain of inclusions of 
Ofc-lattices 

A C A"^ C vr-^ , 

where the quotient A^/A is isomorphic to (Z/2Z)^, and where 7r~^A/A^ is 
isomorphic to Z/2Z. 

Let 

A = A\Lc/H- , 

where 

Note that the map A Lc/H~ is a Ofc-Unear injection, hence ^ is a complex 
torus. In fact, the hermitian form h and its associated alternating form ( , ) 
define a polarization A on A. Hence A is an abelian variety of dimension 
7, with an action of Ok and a polarization of degree 2^. In fact, we obtain 
in this way an object {A, l, A) of A^(fc; 6, 1)*(C) (see the subsection 1 1 5 . 1 1 for 
the definition of the *-variants of our moduli stacks). Now [56], Thm. 2.5 
implies the following theorem. 

Theorem 15.4. (i) The construction which asssociates to a non-hyperelliptic 
curve of genus 3 the object {A, l, A) ofM{k; 6, 1)*(C) is compatible with fam- 
ilies and defines a morphism of DM-stacks, 

Here AAg ^ denotes the stack of smooth non-hyperelliptic curves of genus 3, 
i.e., of smooth non-hyperelliptic quartics in P^. 

(ii) The morphism is an open embedding. Its image is the complement of 
the image of the KM-cycle Z{2)* in M{k; 6, □ 

15.7. Curves of genus four. Our final example concerns the moduli space 
of curves of genus four, and is also due to Kondo [57] . 

Let C be a non-hyperelliptic curve of genus 4. The canonical system embeds 
C into P^. More precisely, C ist the intersection of a smooth cubic surface 
S and a quartic Q which is either smooth or a quadratic cone. Let X be a 
cyclic cover of degree 3 over Q branched along C (in case Q is singular, we 
take the minimal resolution of the singularities). Then X is a i^TS-surface 
with an action of fi^. Let 

L = (i/2(x,Z)<'^>)^ 

be the orthogonal complement of the invariants of this action in {X, Z) , 
equipped with the symmetric form ( , ) obtained by restriction. 
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Fact: L is a free Z-module of rank 20, with dual L* for the symmetric form 
satisfying 

L*/L ~ {Z/3Zf , 

cf. [57!, top of P- 386. 

Let k = QiCs)- Again, we want to define an alternating form ( , ) through 
its associated hermitian form h. We set using the action of Ok on L, 



(15.7) 




Fact: For the hermitian pairing (jl5.7p . is an over- lattice of {\^)-^L 
with LV/(^)-iL ~ (Z/3Z)2. 

Now consider the eigenspace decomposition of L C under k0C = C © C. 
Fact: The induced Hodge structure on Lq is of type 

with diuiH'^'^ = dimii'*''^ = 1. Furthermore the eigenspaces of a (where a 
denotes the generator of /is ) are 

(Lc)c = H^'^ © (//^'^)c , with dmi{H^'^)i; = 9 
(Lc)^= {H^'^)^®H°'^ , with dim{H^'^)^ = 9 . 

Now set A = ttL^, where tt = ^/A. Then we have the chain of inclusions of 
Ofc-lattices 

A C A^ C vr-^A , 

where the quotient A^/A is isomorphic to (Z/3Z)^, and where 7r~^A/A^ is 
isomorphic to (Z/3Z)^. 

Let 

A = K\Lc/H- , 

where 

H- = H^fi (B {H^'^\ . 

Then the map A Lc/H^ is a Ofc-linear injection, hence ^ is a complex 
torus. In fact, the hermitian form h and its associated alternating form ( , ) 
define a polarization A on A. Hence A is an abelian variety of dimension 
10, with an action of Ok and a polarization of degree 3^. In fact, we obtain 
in this way an object {A, t, A) of M.{k; 9, 1)*(C) (see the subsection 1 1 5 . 1 1 for 
the definition of the *-variants of our moduli stacks). 
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Theorem 15.5. (i) The construction which associates to a non-hyperelliptic 
curve of genus 4 the object {A,l,X) of M.{k; 9,1)* (C) is compatible with 
families and defines a morphism of DM-stacks, 

Here denotes the stack of smooth non-hypereUiptic curves of genus 4. 

(ii) The morphism is an open embedding. Its image is the complement of 
the image of the KM-cycle Z{2)* in M{k; 9, □ 

15.8. Descent. In all four cases discussed above, we obtain morphisms over 
C between DM-stacks defined over k. These morphisms are constructed us- 
ing transcendental methods. In this subsection we will show that these mor- 
phisms are in fact defined over k. The argument is modelled on Deligne's 
solution to the analogous problem for complete intersections of Hodge level 
one [13], where he shows that the corresponding family of intermediate ja- 
cobians is an abelian scheme over the moduli scheme over Q of complete 
intersections of given multi-degree. 

In our discussion below, to simplify notations, we will deal with the case of 
cubic threefolds, as explained in subsection 115. 5t the other cases are com- 
pletely analogous. Below we will shorten the notation Cubics'^ to C, and 
consider this as a DM-stack over Spec k. Let v : V ^ C he the universal 
family of cubic threefolds, and let a : A — > Cc be the polarized family of 
abelian varieties constructed from V in subsection 115. 5[ Hence A is the 
pullback of the universal abelian scheme over A4{k; 10, 1)^ under the open 
immersion if : Cc ^ M.{k;W, 1)^. 

Lemma 15.6. Let b : B ^ Cq be a polarized abelian scheme with Ok- 
action, which is the pullback under a morphism : Cq ^ M{k; 10, 1)^ of 
the universal abelian scheme, and such that there exists i and an Ok-linear 
isomorphism 

an : R^a^,'Ij£ ~ R^b^^Zf 

compatible with the Riemann forms on source and target. Then there exists 
a unique isomorphism a : A ^ B that induces a£. This isomorphism is 
compatible with polarizations. 

We are going to use the following lemma. In it, we denote by A the hermitian 
Ofc-module H^lAg^Ij), for s E Cc a fixed base point. Recall from subsection 
115.51 that there is a chain of inclusions A C A^ C vr^^A, where vr = a/ —3 is 
a generator of the unique prime ideal dividing 3. 

Lemma 15.7. Let s G Cc be the chosen base point. 
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(i) The monodromy representation pA '■ 7ri(Cc,s) — > GLfc(A ^Of, ^) is abso- 
lutely irreducible. 

(a) For every prime ideal p prime to 3, the monodromy representation 
7ri(Cc,s) GLk(p)(A/pA) is absolutely irreducible. 

(Hi) For the unique prime ideal p = (vr) lying over 3, the monodromy repre- 
sentation 7ri(Cc,s) —>■ GLk(p)(A/pA) is not absolutely irreducible, but there 
is a unique non-trivial stable subspace, namely, the \Q- dimensional image of 
ttA^ in A/vrA. 

Proof. The monodromy representations are both induced by the composition 
of homomorphisms 

(15.8) 7ri(Cc,s) ^7ri(>l(fc;10,l)£,s) ^GLoJi/^(^s,Z)). 

Here by Theorem 115.21 and using complex uniformization (cf. subsection 
115. 2p . the first homomorphism is induced by the inclusion of connected 
spaces 

h(x,x)=3 

followed by quotienting out by the free action of T* . It follows that the first 
homomorphism in (jl5.8p is surjective and, since T) is simply-connected, that 
7ri(A^(fc; 10, 1)^, s) = r*. Now, T* can be identified with the unitary group 
of the parahoric lattice A, and it is elementary that the representations of 
r* on A ®o-j^ ^ ^-nd on A/pA for p prime to 3 are absolutely irreducible (the 
latter since A^ = A (8) for £ 7^ 3). The statement (iii) is proved in 
the same way. □ 

Proof, (of Lemma 115. 6p Let us compare the monodromy representations, 

Pa-MCc,s)^GI.Ot,{H\As,'L)) 

(15.9) ' 
PB :vri(Cc,s) ^ Gho^[H\Bs,'L)). 

By hypothesis, these representations are isomorphic after tensoring with 
Hence, they are also isomorphic after tensoring with ®OiJ^- Hence 
there exists a 7ri(Cc, s)-equivariant fc- linear isomorphism 

By the irreducibility of the representation of 7ri(Cc,s) in H'^{As,'^, 13 is 
unique up to a scalar in . Let us compare the Ofc-lattices (3'^ {H^{Bs,Z)) 
and H^{As,1j). After replacing /? by a multiple Po = c/3, we may assume 
that Lb = p^^{H^{Bs,Z)) is a primitive Ofc-sublattice in A = H^{As,Zi). 
Let p be a prime ideal in Ok, and let us consider the image of Lb in A/pA. 
Since Lb is primitive in A, this image is non-zero. If p is prime to 3, the 
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irreducibility statement in (ii) of Lemma 115.71 implies that this image is 
everything, and hence Lb ® Ofc,p = A ® Ofc,p in this case. 

To handle the prime ideal p = (tt) over 3, we use the polarizations. By 
the irreducibility statement in (i) of Lemma 115.71 the polarization forms on 
H^{As,^) and on H^{Bs,Q) differ by a scalar in Q^. Now, by hypothesis 
on B, with respect to the polarization form on H^(Bs,Q), we have a chain of 
inclusions Lb C -L^ C tt~^Lb with respective quotients of dimension 10 and 
1 over Fp, just as for A. Since the two polarization forms differ by a scalar, 
this excludes the possibility that the image of Lb in A/vrA be non-trivial. 
It follows that Lb = A.. 

Furthermore, the isomorphism Po is unique up to a unit in , and it 
is an isometry with respect both polarization forms. Now, by jl4J, 4.4.11 
and 4.4.12, is induced by an isomorphism of polarized abelian schemes. 
Finally, Po '^z '^e = om up to a unit, since both these homomorphisms differ 
by a scalar and preserve the Riemann forms. 

The uniqueness of a. follows from Serre's Lemma. □ 

Now Lemma [1 5 . 6 1 implies that over any field extension k' of fc inside C, there 
exists at most one polarized abelian variety 6 : — > C^i obtained by pull- 
back from the universal abelian variety over A^(fc; 10, 1)*, equipped with an 
Ofc-linear isomorphism of lisse ^-adic sheaves over Cc 

preserving the Riemann forms. By the argument in [13j . 2.2 this implies 
that, in fact, B exists (since it does for k' = C). Hence the morphism if is 
defined over k. Put otherwise, for any fc-automorphism r of C, the conjugate 
embedding tp'^ , which corresponds to the conjugate (^4, t, Xy , is equal to (p; 
hence ip is defined over k. 

Remark 15.8. In the case of cubic surfaces, the original argument of Deligne 
|13j applies directly. Indeed, consider the following commutative diagram, 
in which the lower row is defined by associating to a cubic threefold its 
intermediate jacobian, a principally polarized abelian variety of dimension 
5, 

Cubics^Q — > A^(fc;4, l)c 
i i 

Cubics'^^ — > A^c ■ 
By the Torelli theorem for cubic threefolds, this diagram is cartesian. The 
horizontal morphisms are open embeddings and the vertical morphisms are 
unramified. By [13], the lower horizontal morphism is defined over k (even 
over Q). Hence also the upper horizontal morphism is defined over k. 
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Conjecture 15.9. In all four cases above, the morphisms if can be extended 
over Ofc[A~^]. 

15.9. Concluding remarks. We end this section with a few remarks. 

Remark 15.10. In all four cases, the complement of lm{ip) is identified with 
a certain KM-divisor. In fact, for other KM-divisors, the intersection with 
lm{(p) sometimes has a geometric interpretation. For example, in the case of 
cubic surfaces, the intersection of lm{ip) with the image of the KM-divisor 
2(2) in A4{k; 4, l)c can be identified with the locus of cubic surfaces admit- 
ting Eckardt points, cf. p!9], Thm. 8.10. Similarly, in the case of curves of 
genus 3, the intersection of lm{ip) with the image of Z(t)* in A4(fc; 6, 1)J can 
be identified with the locus of curves C where the K3-surface X{C) admits 
a "splitting curve" of a certain degree depending on t, cf. [4J, Thm. 4.6. 

Remark 15.11. In [18\ [T9l I58j . hidden period morphisms are often set in 
comparison with the Deligne-Mostow theory which establishes a relation 
between configuration spaces (e.g., of points in the projective line) and quo- 
tients of the complex unit ball by complex reflection groups, via monodromy 
groups of hyper geometric equations. This aspect of these examples has been 
suppressed entirely here. Also, it should be mentioned that there are other 
ways of constructing the period map for cubic surfaces, e.g., |18t [TP] . 

Remark 15.12. Let us return to the subsection 115. 2[ There we had fixed a 
hermitian vector space {V, ( , )) over k of signature (n — 1, 1). Let Vq be the 
underlying Q-vector space, with the symmetric pairing defined by 

s{x,y) = tv{h{x,y)). 

Then s has signature (2(n — 1),2), and we obtain an embedding of U(y) 
into 0(Vo). This also induces an embedding of symmetric spaces, 

(15.10) V^Vo, 

where, as before, V is the space of negative (complex) lines in (I^,Io)i and 
where Pq is the space of oriented negative 2-planes in V^. The image of 
(jl5.10p is precisely the set of negative 2-planes that are stable by Iq- In the 
cases of the Gauss field resp. the Eisenstein field, this invariance is equivalent 
to being stable under the action of //4, resp. /is. Hence in these two cases, 
the image of (jl5.10p can also be identified with the fixed point locus of fi^ 
resp. /X3 in Vq. 

Remark 15.13. By going through the tables in [65], §2, one sees that there is 
no further example of a hidden period map of the type above which embeds 
the moduli stack of hypersurfaces of suitable degree and dimension into 
a Picard type moduli stack of abelian varieties. Note, however, that, in 
the case of curves of genus 4, the source of the hidden period morphism is a 
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moduli stack of complete intersections of a certain multi-degree of dimension 
one. 
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